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P R E F A C E. 


N introducing a work to the public, it may 

be proper to explain the motives from 
which it has been undertaken, and the plan upon 
which it has been conduſted. Concerning the 
former of theſe points I have only to obſerve, 
that it has been my intention to ſupply an Intro- 
duction to Arithmetic and Algebra, in which eVe- 
ry propoſition ſhould be not only ſo accurately 
demonſtrated, but ſo fully explained, as to pre- 
vent the neceſſity of Acdditicnal aſſiſtance. And 
though perhaps by many it may be conceived, that 
the clear, diffuſe and · elaborate Treatiſe of Saux- 
DERSON,—the explanatory Introduction of LuplA u 
Hand the late judicious and comprehenſive Syſtem 
of Mr. Woop, of St. John's College, have left no 


want of ſuch a publication; yet without, in any 


degree, preſuming to rival, or intending to depre- 
ciate the various excellencies of theſe, and other 
admirable productions on the ſame ſubject, lam in- 
clined to imagine that my time has not been alto- 


gether miſemployed, in endeavouring to elucidate, 
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by the moſt laborious exactneſs, whatever might 
{ſtill appear difficult or abſtruſe in the ſubje& upon 
which I have treated, And in ſome meaſure to 
protect myſelf from the cenſure of thoſe who may 
be inclined to deſpiſe all further attempts to fami- 
liarize the rudiments of ſcience, I ſhall avail my» 
ſelf of the obſervation and example of an excel- 
lent mathematician and diſtinguiſhed ſcholar, 
whoſe words 1 ſhall not heſitate to produce on the 
preſent occaſion : © Levia quidem hæc, & parvi 
forte, ſi per ſe ſpectentur, momenti. Sed ex 
© elementis conſtant, ex principiis oriuntur, om- 
« nia: Et ex judicii conſuetudine in rebus minu- 
„fis adhibita, pendet ſæpiſſime etiam in maximis 
« vera atque accurata ſcientia,” * 


The means by which I have attempted to ac- 
compliſh this object, have been by collecting and 
adopting whatever I have found ſufficiently ac- 
curate and explicit, and as far as has been in 
my power, by elucidating what was obſcure, and 
ſupplying what was deficient, But that I may 
not appear, by a declaration ſo general, too ſlight- 
ly to paſs over my obligations to former and 
preſent authors, I ſhall beg leave here to ac- 


knowledge the valuable additions which my book 


has 
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PREFACE. v 
has derived from the publications of BARON 
MASERES, a writer no leſs diſtinguiſhed by the 
profoundneſs of his reaſoning, than by the accu- 
racy apd perſpicuity of his method, 


There are many other Treatiſes from which 
I have derived conſiderable aſſiſtance, and eſpe- 
cially, both with reſpect to matter and to the 
arrangement of it, from the late publication of 
Mr. Woop, of St. John's, It would indeed be 
- impoſlible to enumerate every inſtance in which I 
have either accidentally or deſignedly been in- 
debted to other writers—thongh Il believe few 
will be found in which I have adopted any thing 
without conſiderable additions or alterations, 


While purſuing this train of minute and rigid 
demonſtration, I have occaſionally diſcovered, 
and I hope, ſometimes, ſucceſsfully ſupplied 
proofs, which have hitherto been either alto- 
gether wanting, or at leaſt defective, And 
paſſing over others, as of leſs importance, I 
truſt it may be permitted me here to expreſs 
my hopes, that the demonſtrations I have given 
of the Binomial Theorem will not be unac- 
ceptable to the reader, That it is very eaſy to 


eſtabliſh 
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eſtabliſh generally the law of the coefficients for 
any propoſed number of terms, I know from ex- 
perience ; having fallen on ſeveral methods, before 
1 obtained that which is now given, But the dif. 
ficulty is to make manifeſt the law by which a// 
the ſucceeding coefficients muſt neceſſarily be ge- 
nerated; and without which the demonſtration 


would be only an induction. 


It may be thought perhaps by ſome, that in 
many inſtances I have been unneceſſarily diffuſe 
in tracing each ſtep of the demonſtration ; but it 
ſhould be recollected, that I am not writing for 
thoſe, to whom the principles and operations of 
Algebra are already familiar, nor for ſuch as have 
the advantage of perſonal inſtruction But to en- 
able ſtudents, Who are not poſſeſſed of either of 
theſe advantages, to acquire with facility, and 
without any additional books or aſſiſtance, a com- 
plete knowlege of all the ſubjects, contained in 
this publication. And, however a long and mi- 
nute demonſtration may convey an appearance of 
difficulty, yet a little conſideration, will make it 
ſufficiently evident, that in proportion as the 
ſteps are given at length, the more eaſily and 
quickly will the demonſtration be underſtood by 
beginn ers. | Before 
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Before I conclude, I cannot neglect to ſtate the 
high ſenſe I entertain, of the obligation conferred 
upon me, by ſo numerous and reſpectable a ſub- 
ſcription, And at the ſame time it may not be im- 
proper for me to mention, that whatever may be 
found in this publication deſerving either of cen- 
ſure or commendation, is to be ſolely imputed to 
myſelf; as it has not been in my power to avail 
myſelf of the direQing information, or the ſuper- 
intending judgment of a ſingle friend or aſſiſtant, 
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ADVERTISEMENT. 


As the preſent work has very much exceeded the 
limits originally expected by the Author, he finds 
himſelf under the neceſſity of either totally omitting, 
or of delivering in a future Volume, ſome of the 
articles which were mentioned in his firſt propoſals, 
but for which he could not find room in this publicas 
tion, Reſpeding theſe it is his intention to fulfil his 
obligations, by immediately ſubmitting them to the 
public—ſhould their deciſion on the preſent attempt 
Juſtify him in hazarding @ ſecond. 
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Ready for the Preſs, and ſpeedily will be publiſhed, 
by Subſcription, | 
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In which will be explained, 


The Proportion of Variable Quantities ; the 
Rule of Three; the principal Properties of Arith- 
metical and Geometrical Series; the Method of 
ſolving Geometrical Problems by Algebra; the 
moſt remarkable Properties of Numbers; the 
Method of finding the greateſt common Meaſure 
of Algebraic Expreſſions, and Logarithms. 


As upon Reviſion the Author may find occaſion 
to abridge or enlarge ſome of the Articles, he can 
only ſtate, that he expects the Price to be Three 
Shillings; and that it will certainly not exceed 
Four Shillings. 


ERRATA. 


Page 18, line 3 from the bottom, after the words, produ? of the 
inſert units figure of the multiplicand multiplied by the p- 39, 1.13, 
for 9, read to p. 33, I. 7, for 2, read 5 p. 68, I. 16, for mul - 
ti plied, read multiplicaud p. 62, I. 8, for a*by—a*by* + aby}, read 
a'\by—a*b*y+ab'y p. 90, I. 6, after d. —. p. 97, I. 3, for 


- read - p-. 103, I. 5 from the bottom, for 1000 read 10000, 
2x+ 2x+ 
p. 119, |. 10, for >” read P P+ 120, for the index -t reed 


1 p. 131, I. 6, for 44%), read 44*%3 ni La & p- 

145, I. 3, for a, read „ p. 146, J. 7, for aa“, read 8a“ p. 148, 

1. 12, for 63, read 6 p. 157, I. 16, for 20aa, read 200 p. 176, 

laſt line, for of it, read of the ſquare root of it p- 189, laſt line, for 
| 8B—x—2y F<: x—2y 


=2y, read —2y p- 191, l. 16, for 


p- 193, I. 14, for quantities, read equations p. 207, |. 5, for 42, 
read 32. laſt l. for a—b, read a—d p. 231, end of I. 4, for 
+7, read —V —3. p. 235, I. 16, for £V 6o.read 1+V 60. 
p. 245, for 1500, read 150000 p. 250 and 231, for 1500, read 
1500090 254, I. 4 from bottom, for the article, read the 263d art. 
p. 256, 1.8, for two, read three. p. 275, laſt line but one, for 
60, read 10. p- 277, I. 5, for leſs, read greater. p. 284, J. 
1:, d. 34, p. 293, for the index m, read r. f 
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CHAPTER I. 


ARTICLE I. RITHMETIC is the art of com- 

puting the number of things of 
any ſpecific denomination, in any propoſed caſe ; 
For inſtance, the number of poſitions, with re- 
ſpect to order, in which, two, three, or more 
bodies can be placed, —The number of lines of a 
certain determined length, that muſt be taken to 
make up a given line, &c, &c, 

2, If from reaſoning founded upon ſome hypo- 
theſis, one thing, as, for example, the line CD, qo 
be found compoſed of a certain number of lines | A 
AB, e. g. of three of them, CD is called three, | 
if AB be conſidered as one wholg. If AB be 5 
divided into two equal parts, and CD be found 
compoſed of a certain number of theſe halves, 
e. g. of three of them, CD is called three halves; 


in this caſe, if inſtead of AB, half AB be conſi- 
B dered 


31 
dered as the ſtandard, or one whole, CD is called 
three, and AB two, 

Thus it is that numbers are uſed abſtracted 
from the name of that, of which they are the 
numerical exponent; and inſtead of ſaying, that 
ſuch a number of things added to ſuch a number 
of things of the ſame kind, forms ſuch a number 
of things of that kind, we ſay, ſuch a number added 
to ſuch a number forms ſuch a number: with 
ſimilar expreſſions in other caſes, 

This mode of expreſſion is convenient, becauſe 
the numerical reſults are not at all affected by the 
name, of which the numbers are exponents; and, 
by conſidering the numbers alone without the 
name, we render the propoſition general and con- 
ciſe : Nevertheleſs, any propoſed number muſt be 


Barrow!s ſuppoſed to ſignify that number of things of a 


Math. 


certain kind; for one number abſtractedly bears 
no relation at all to any other; nor can any thing 
be truly affirmed concerning the ſum, or diffe- 
rence of two abſtrat numbers. Thus, it means 
nothing to ſpeak of the ſum of two and three, 
unleſs it be meant to ſpeak of two things and 
three things of the ſame name added together; 
Yet 'tis allowable enough to ſay, that two and 
three make five, becauſe by that expreſſion we 
only mean to ſignify the generality of the propo- 
ſition, that three things added to two things 
make five things, * 


* With this cantion, arithmetic may properly be defined, 
« The Science of Number.“ 
3. The 


181 


3. The only changes, of which quantity, or its ex- 
ponent,number, is ſuſceptible, areaugmentation and 
diminution ;z conſequently, the only operations in 
arithmetic are, adding one number to another, 
and ſubtracting one number from another: Of 
a few ſmall numbers, the ſum, or remainder that 
would be left after the ſubtraction of a ſpecified 
part, is known immediately upon the fight, or 
mention of the numbers, becauſe the idea 
readily ariſes of the effect, which a few ſmall 
collections of things, or, which ' a few ſmall 
collections of things diminiſhed. by a ſpecified 
part; would have upon the ſenſes, and the nume- 
rical name of this effect is the anſwer; or elſe, 
from previous experience the numerical name is 
aſſociated with the given numbers and condi- 
tions; and, converſely, if a ſmall number be pro- 
poſed, 'tis readily known how many times it muſt 
be taken to make up a certain given number, pro- 
vided that number be not too large ; but, not 
being ſo converſant about large numbers, we can- 
not promptly name their fum or difference: f 
Hence the neceſſity of certain rules founded on 
the ſyſtem of notation, 


* 


A knowledge of the ſams and differences of all numbers what - 
ſoever would ſupercede the uſe of rules for addition, ſubtraQion, and 
mulitplication ; and a knowledge of the number of times any pro- 
poſed number muſt be taken, in order to make up a given number, 
would ſupercede the uſe of a rule for diviſion, 


B 2 4. Numbers 
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4. Numbers are, for convenience of expreſſion 
and apprehenſion, divided into claſſes, ten of any 

_ claſs conſtituting one of the next ſuperior claſs ; 
hence the claſſes are, units, tens, hundreds, thou- 
ſands, &c. and there will be nine different num- 
bers belonging to any claſs; in the claſs of units, 
there will be one unit, two units, three units, &c. 
to nine units incluſive, or, the numbers one, two, 
three, &c, to nine incluſive; in the claſs of tens 
there will be, one ten, two tens, three tens, &c, 
to nine tens incluſive, or the numbers ten, twen- 
ty, thirty, &c. to ninety incluſive z and ſo on, 
Theſe nine numbers, to whatever claſs they may 
belong, are reſpectively repreſented by the fol- 
lowing nine characters, called fignificant figures, 
or digits, viz, 


V 7 On AE 
one two three four five ſix ſeven eight nine 
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Any one of theſe characters placed ſingly, de- 
ſi notes the ſimple number here ſubjoined to the 
character, i, e. ſo many units: When two or more 

characters are placed together laterally, the firſt, 

or right hand figure only is to be taken in its 

ſimple value, the ſecond ſignifies ſo many tens, 

the third ſo many hundreds, &c. and as it may be 

required to expreſs a number conſiſting of tens 

without any units annexed, of hundreds or higher 

claſſes without all, or any of the inferior claſſes 
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annexed, and as this is to be done by figures 
ſtanding 
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ſtanding in their proper reſpeQive places, while 
ſome, or all of the lower places have none to fill 
them up, therefore an additional eharacter(o)cypher, 
is neceſſary, which ſhall have no ſignification when 
placed by itſelf, but ſhall ſerve to occupy the va- 
cant places, and bring each 9 figure to 
its proper ſtation, _ 

5. As every number, then, muſt conſiſt of ſo 
many of ſuch a claſs; or of ſo many of ſuch a claſs, 
together with ſo many of. another inferior claſs, 
&c. any given number is expreſfed by placing the 
figure expreſlive of how many it contains of the 
*- higheſt claſs to the left hand; next to that the 
figure expreſſive of how many it contains beſides 
of the claſs immediately inferior, or, on it have 
none of that claſs) a cypher, and ſo on.“ 

6. For the more eaſy reading of large numbers, 
they are divided into periods and half periods; 
each half period conſiſting of three places of 
figures: The name of the firſt period is units; of 
the ſecond, millions; of the third, fourth, fifth, 
ſixth, ſeventh, eighth, ninth, tenth, os the 
names are, reſpectively, billions, trillions, quatril- 
lions, quintrillions, ſextilions, ſeptilions, octilions, 


Numbers being in their enunciation divided into clafſes conforms 
ably to the above iyſtem, no difficulty occurs in determining the 
proper figures and ſtations by which any propoſed number is to be 
expreſſed. : 
nonilions, 


1 
nonilions, &c. alſo, the right hand half of any 
period is the units of it; the other half the 
thouſands. 


* The following table, to the number 


8437982 564738972645, ſhews the names and divi- 
ſions of the periods and claſſes as far as trillions, 
and contains a ſummary of the doctrine of nota- 
tion, | 


Suppoſe that the method of exprefling numbers conſiſting of ſo 
many of ſuch a claſs together with ſo many of an inferfor claſs, &ec,* 
had been, by dividing a figure into compartments, and placing the 
units in the firſt compartment to the right, the tens in the ſecond, 
and ſo on: Then, to take an example, the number four hundred and 


thirty-two would have been expreſſed thus AH ; two hun» 
dred and ſeven thus A eleven thouſand ,ouſand and ninety thus 
HDH Take away away the diagrams, and fill up the vacant 
places with cyphers, and the value of each figure will be aſcertained 


by its poſition the ſame as before, and the notation becomes that in 
eommon uſe, 


Billions, 
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8 Billions. Millions. Units. 
Thouſands Units Thouſands Units Thouſands Units 
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7. In this ſyſtem it is evident that the value of 
any figure is increaſed tenfold by its being moved 
a place higher to the left; thus 7 by itſelf ſigni- 
fies ſimply ſeven; but the 7 in 70 or 73, &c. ſig- 
nifies ſeven tens; in 700, 711, &c. it ſignifies ſeven 
hundreds, i, e. {even times ten tens, and ſo on; 
and the ſame is true of any number conſiſting of 
more than one place, for each of its parts being 
increaſed tenfold, the whole will be increaſed ten 
fold; thus 24 by itſelf ſignifies twenty-four, but 
the 24 in 240 is ten times as great, the 4 units 
becoming 4 tens, and the 2 tens, 2 hundreds: and 
converſely the value of any figure or number 
is decreaſed tenfold, by its being removed a place 

| lower 
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lower to the right, A ſimilar ſyſtem of notation 
might be equally well applied, whatever were 
the number in any claſs conſtituting one of the 
next ſuperior claſs; e. g. if that number inſtead of 
ten had been eight, then, (by a ſimilar method) 
eight would have heen writteu 10; nine, 11; &c, 
twice eight, 20; twice eight together with one 
21; &c. eight times eight, 100; &c, &c. and the 
value of any figure would be increaſed eightfold 
by being removed one place to the left. 

Again, ſuppoſe the number had been eleven ; 
then there would have been ten numbers in each 
claſs, and conſequently, there muſt have been ten 
ſignificant figures: Let be the additional cha- 
racter, repreſenting ten; then eleven would have 
been written 10; twelve, 11; eleven together 
with ten, 12; twice eleven, 20; thrice eleven, 30; 
Kc. and the value of any figure would be in- 
creaſed eleven fold, by being removed one place 
to the left, In general, whatever were the num- 
ber in a claſs conſtituting one of the next ſuperior 
claſs, that nnmber would denominate how many 
fold the value of any figure would be increaſed 
by being removed one place to the left, 


ADDITION 
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8. A DDITION is that operation by which we 
| find the amount of any two or more 


numbers. 


d 9. The ſum of any numbers is the ſum of all 

the parts of thoſe numbers; and it evidently 
FY makes no difference in what order the parts be 
h added together: any one part may be taken firſt, 
= and to that, any other part added; to their ſum, 
= a third part, and ſo on; 'till every part of the 
1 given numbers have been taken in; and the final 
as reſult will be the true ſum. The moſt convenient 
7 method of finding the ſum of any numbers, is by 
N firſt finding the ſum of the units, then, of the 
- tens, and ſo on; if the ſum of the units be leſs 
* than ten, the figure repreſenting that ſum is evi- 
af dently the units figure of the anſwer; ſince the 
y other parts of the givet numbers being tens, 
d hundreds, or ſuperoir claſſes, can never affect the 


value of the units place; and for the ſame reaſon, 
if the ſum of the units be equal to, or exceed ten, 
or tens, the exceſs of units muſt be the units figure 
of the anſwer, 
In reckoning up the tens, their ſum muſt be 
augmented by as many tens, as were found in the 
ſum of the units: if their ſum ſo augmented be 
; > not 


10 ] 

not ſo great as one hundred (i. e. if it do not ex- 
ceed 9 tens) the digit denominating how many 
tens there are, muſt be put down as the ſecond 
figure of the required ſum: but if their ſum 
be equal to, or greater than an hundred, or 
hundreds, the exceſs only of tens can be put 
down in the ſecond place, and the hundreds muſt 
be carried forward to the third, or hundred 
row; &c. &c. Thus, for example, if the 
ſum of 379 and 723 be required, firſt the 9 and 3 
units are to be added together; their ſum is 12, 
or one ten together with 2 units; therefore 2 is 
put down in the units place of the anſwer; then, 
this one ten, together with 2 tens and 5 tens 
exactly making up one hundred, with no exceſs 
of tens, a cypher is to he put down. in the ſecond 
place; then the one hundred, together with 3 
hundreds, and 7 hundreds, making up 11 hun- 
dreds, or 1000 together with 100, 1 is to be put 
down in the third place, and 1 alſo in the fourth 
place, and the whole ſum is found to be 1102. It 
is evident, that in this and all other examples, 
each row may be ſummed as units, as many units 
being added, as there were found tens in the ſum 
of the preceding row : Hence the following 


'RULE FOR ADDITION OF NUMBERS, 
10. Place the numbers under each other, units un- 


der units, tens under tens, &c. and draw a line 
| 5 under 
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under them; add together the figures in the row 
of the units, and find haw many tens are con- 
tained in their ſum; mark down what remains 
above the tens, or, if nothing remain, a cypher, 
and carry as many units to the next row as there 
were tens in the ſum; add up the next row (to- 
gether with the number carried) in the ſame man- 
ner; proceed thus till every row has been ſum- 
med, marking down the full ſum of the laſt row. 


EXAMPLES. 
Ex. 1. 703 Ex. 4 649 
209 129 
239 
912 3 
65069 
Ex. 2. 120 oz 
90 
30 719 
— 709 
240 539 
— 427 
Ex. 3. 712 6456 
245 — 
421 
10000 
— 1 
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"SUBTRACTION. 


12.OUBTRACTION is that operation by which 

| we take a lefs number from a greater, and 
find their difference, or the exceſs of the greater 
above the leſs, | 

12. The number to be ſubtracted, is called the 
ſubtrahend, the number from which it is to be 
ſubtracted, the minuend. 

The moſt convenient method is to ſubtract like 
claſſes from like, i, e, units from units; tens from 
tens, and ſo on; becauſe we have then only to 
conſider the ſimple difference in the value of the 
figures; this difference, placed in the ſame claſs 
(in the anſwer) as the figures were, from which 
it was obtained, ſhews the true difference of thoſe 
two figures of the given numbers. For example, 
if it be required to diminiſh 753 by 621, from the 
3 we ſubtract the 1, which leaves 2 for the units 
place of the anſwer ; from the 50 we ſubtract the 
20 which leaves 30; therefore 3 is the figure in 
the ten's place of the anſwer; but the ſimple dif- 
ference of 2 and 5 gives the ſame ſignificant 
figure (3): Again, we ſubtract the 600 from the 
700, which leaves 100; therefore 1 muſt be put 
in the third place of the anſwer; which would 

alſo 


C081 
alſo have been obtained by ſubtracting the ſimple 
6 from 7. | 

It may happen, that the leſs number ſhall have 
in one or more of its inferior places, a figure of 
greater value than the correſponding figyre of the 
greater number; the method which ſuggeſts it- 
ſelf in thjs caſe is to detach, or ſuppoſe detached, 
one from the next ſuperior claſs of the minuend, 
which being joined to the deficient figure, adds 
ten to its value; and then the figure of the ſub. 
trahend can be ſubtracted ; but in ſubtracting the 
next figure, we muſt take care to conſider the 
figure of the minuend as diminiſhed by one : for 
example; if it be required to ſybtra& 172 from 
354, we may conſider the 354 as 200, 150 and 4; 
and ſubtract the 2 from the 4, the 70 from the 
150, (or 7 from 15, the difference being pat in the 
ſecond place of the anſwer) and the 100 from the 
200, (or 1 from 2, the difference being put in the 
third place of the anſwer.) 

But it may happen, that a cypher ſtands in the 
next ſuperior place of the minuend: in that caſe 
we muſt detach one from the firſt ſuperior claſs 
that have a ſignificant figure, and diſtribute it 
among the places that have cyphers; for example, 
let it be required to ſubtract 2321 from 5000, 
5000 is 4000 together with 10 hundreds, or 4000, 
goo, and 10 tens, or 4000, goo, go and 10; under 
which laſt form the 2321 can be ſubtracted from 
it, viz, the 1 from the ten, the 20 from the go, 

the 


1 


the 300 from the goo, and the 2000 from the 
4000; the firſt difference is 9, the ſecond 70, the 
third 600, and the fourth 2000; therefore the 
anſwer is 2679. 

If, inſtead of conſidering it thus, we add ten 
to the deficient figure of the minuend, and one to 
the next figure of the ſubtrahend, we obtain the 
ſame reſult with more expedition. By this lat- 
ter method, we (in ſuppoſition) add equally to 
both minuend and ſubtrahend, and therefore keep 
their difference unchanged : Hence we are led to 
the following f 


RULE FOR SUBTRACTION OF NUMBERS. 


12. Place the ſubtrahend under the minuend, units 
under units, tens under tens, and ſo on; ſubtrat 
units from units, tens from teas, &c, (conſidering 

the digits in their fimple value) and place each 
difference under the figures from which it was 
obtained, If any figure of the minuend be leſs in 
value than the correſponding figure of the ſubtra- 
hend, add ten to it, and one to the next figure of 
the ſubtrahend. 


EXAMPLES. 


[ 
| 
| 
14 
I} 
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235 403 634⁰ 4000" 
122 294 6339 3226 
11 109 * 774 
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88383 that operation, by 
which we determine the amount of a 
number when reckoned twice, thrice, or oftner. 

15, The number to be reckoned is called the 
multiplicand ; the namber that denominates how 
often it is to be reckoned, is called the multiplier, 
and the amount is called the product: Both multi- 
plier and multiplicand are alſo called factors. 

This operation then being nothing elſe but the 
addition of numbers that are equal to one another, 
if we mark down the given number, whatever it 
be, the propoſed number of times, and reckon up 
the ſum, by the rule of addition, we obtain the 
product: But as this kind of addition is of frequent 
and extenſive uſe, in order to ſhorten the opera- 
tion, we mark down the number only once, and by 
a knowledge of the product of any two ſimple di- 
gits, can readily determine the required product. 
To explain this we muſt obſerve, 

Firſt, That any number taken ſo many times, is 
the ſame as if each part of the number were taken 
ſo many times, and the products added together: or, 
dividing the multiplier alſo into parts, the ſame 
as if each part of the number were taken part of 

thoſe 


6 
thoſe times, and then each part taken another 
part of thoſe times, and ſo on, till every part of 


the number have been taken the whole propoſed 
number of times; thus, for example, 37 multi- 


plied by 24, or 37 taken 24 times, is the ſame as 


7 taken 24 times, together with 30 taken 24 times; 
alſo, it is the ſame as 7 taken 4 times, together 
with 30 taken 4 times, together with 7 taken 20 
times, together with 30 taken 20 tinies. 
Secondly, That the product of any numbers 
will conſiſt of the ſame figures, whether thoſe 
numbers be conſidered ſimply, or whether they 
repreſent ſo many tens, hundreds, or higher 
claſſes; the only difference being, that the figures 
muſt be placed in higher claſſes, according as the 
factors are in higher claſſes; e. g. if 7 multiplied 
by 3 produces 21, 70 multiplied by 3 produces the 
ſame number 21, but in the claſs of tens; i, e, 
70 multiplied by 3 is 210; becauſe 70 being ten 
times as great as 7, 70 taken 3 times in ten times 
as great as 7 taken 3 times; and for the like rea- 


ſon 7 taken 3o times is 210; and yo taken 30 


times (ten times greater than 7 taken 3o times) is 
2100; 700 taken 3o times is 21000; &c, and a 
ſimilar reaſoning obtains, if, inſtead of ſimple di- 
gits, we take a number conſiſting of more than 
one figure; e. g. becauſe 15 multiplied by 42 is 


. 630; 150 multiplied by 42 is 6300; 150 multi- 


+ 


plied by 420 is 63000; &c. &c. 
16, In general, if we define that to be the claſs 


of a number, in which its loweſt figure ſtands, the 
product 


1 


product of two numbers ſtanding in any claſs is 
the product of the ſimple numbers, with as many 
cyphers prefixed to it as muſt be prefixed to the 
factors, -in order to bring them to thoſe claſſes. 

17. From theſe conſiderations it follows, that 
if we multiply each figure of the multiplicand by 
each figure of the multiplier, and ſet each parti- 
cular product in the claſs, to which the preced- 
ing article determines it, and add the products (ſo 
placed) together, we ſhall obtain the amount of 
the whole multiplicand taken as often as there 
are units in the multiplier, 

18. When the ſimple product of the digits con- 
ſiſts of more than one place, i, e. is greater than 
9, which generally happens, the moſt expeditious 
method is, to ſet down only the units part of that 
product; the tens may be added, as units, to the 
product ariſing from the next higher figure of 
the multiplicand multiplied by the ſame figure of 
the multiplier; becauſe this next product, in its 
true place, is one claſs higher than the prior pro» 
duct; and for a ſimilar reaſon, the units part of 
this. produc, ſo augmented, may be ſet down to 
the left of the units part of the prior product; 
and, if there be more figures of the multiplicand, 
the tens may again he carried forward; and ſo on, 


till we come to the laſt figure of the multiplicand, 


the whole of the product ariſing from which, 
(augmented by the tens from the preceding) may 
be placed to the left of the figures already obtain- 

SY; | $0 ed: 
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ed: thus but one number will be formed of all 
thp products ariſing from one figure of the mul- 
tiplier. h 

If, for example, we have to multiply 47 by 23, 
according to this method, we firſt multiply 7 by 
3; of whoſe product (21) we put down the units 
part (1); then the 4 by 3; whoſe product (12) 
placed in the claſs of tens becomes 120, the pro- 
duct of 40 multiplied by 3; to this adding the 20 
of the firſt product, it becomes 140; or, to the 
ſimple 12 adding 2 it becomes 14, which placed 
to the left of the x1 exhibits 141, the product of 
47 multiplied by 3, The product of 47 multiplied 
by 2 (found after the ſame manner) is 94; there- 
fore the product of 47 multiplied by 20 is 940; 
if, therefore, in ſetting down this product (94), 
we place the firſt figure (4) under the tens of the 
former product, and the next figure (9) under the 


hundreds, the two numbers will ſtand thus, 141 


which added up as they ſtand, give the ſum of 
141 and 940, which ſum is the product required, 
Hence is inferred the following 


RULE #0k MULTIPLICATION or NUMBERS. 


19. Place the multiplier under the multiplicand, 
units under units, tens under tens, and ſo on; 
find the product of the units figure of the multi- 
plier ; ſet down the units part of this product 
under the units place of the multiplier : Then 
| find 
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find the product of the ſecond figure of the mul- 
tiplicand multiplied by the units figure of the 
multiplier; add to it as many units as there were 
tens in the firſt product; ſet down the units part 
of this product ſo increaſed to the left of the 
figure laſt put down, and carry on the tens as 
before: proceed thus for every figure of the mul- 
tiplicand, uſing only the units figure of the mul- 
tiplier, and ſetting down the whole product of 
the laſt figure of the multiplicand, augmented by 
the tens carried from the preceding product: If 
the multiplier conſiſt of more than one figure, 
repeat the ſame operation with each of the re- 
maining figures ſeparately, in order; obſerving 
to place the firſt figure of each line under that 
figure of the multiplier, which is employed in 
finding that line: collect the ſum of theſe num- 
bers as they ſtand : that ſum will be the product 
required, 

Note, If a cypher or cyphers occupy the right 
hand place or places of the multiplier or multi- 
plicand, begin the multiplication with the firſt 
ſignificant figures, prefixing the ſame number of 
cyphers to the right of the firſt found figure; 
and if a cypher occur in any other place of the 
| multiplier, paſs it over, obſerving to place the 
firſt figure of each line under the 9 
digit. 

When the digit of the mn to be employ- 
ed is 1, it is uſual, in order to reduce the opera- 
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tion under the general name, to term the ſimple 
ſetting down of the multiplicand (which takes 


place in that caſe) © multiplication by 1.” 


EXAMPLES. 
3, Mull 2984 3. Mul“ 426000 
Mul 342 Mul 22000 
5968 852 
11936 852 
S952 — 


Prod. 1020528 


2, Mul' 4037069 
Mul 20010 
4037069 

8074138 


Prod. 80781750690 


Prod. 9372000000 


4. Mul“ 2503 
Mul 12* 
Prod, 30036 


* If a table be formed exhibiting the product of the nine digits 
multiplied by every number within certain limits, a product may be 
ſet down in one line, whenever the multiplier does not exceed thoſe 


limits. 
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The following TABLE exhibits the product of any 
two numbers not greater than 12. 


IIK 31678 9 xof 1 12] 
** 4168 10721416 18} 20 az] 2 
21 6| 5 [42 [15 [18 |=: [24 | 27] 30] aa] 36 
EIER 
2 % [20 [25 3 36 | 45] 20] 26 60 
6 [12 18 2430 "36 [42 |48 | 54] 6o 66] 72 
7 27283 | 42 | as 36 630 70 77] 84 
8 |16 24 [32 40 |48 2 64 | 72] 80] 88 96 
'9 |18 |27 36 45 | 54 | 63 72 | 81 90 99 

2 30 4 50 ee e % . yolroahine} 220 
11422334435 66 [77 88 99110 121 

12 24 36 48 60 72 84 36 10h 12c] 132/144 


The firſt column conſiſts of the firſt twelve numbers placed in order 
the ſecond column conſiſts of the reſpective products of theſe twelve 
numbers, when multiplied by 2; the third column conſiſts of their 
reſpective products when multiplied by 3; and in the ſame manner 
the ſucceeding columns conſiſt of their products, when multiplied by 
the ſucceeding numbers reſpectively. 
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20. IVISION is that operation by which we 
p determine how often one number is con- 
tained in another, 

21. The number contained is called the diviſor; the 
number containing, the dividend; and the reſult, 
or number denominating how often the diviſor is 
contained in the dividend, is called the quotient, 

22, Diviſion may be conſidered as the reverſe of 
multiplication ; for as multiplication by 2 doubles 
any number; by 3 triples it; and ſo on: fo, di- 
viſion of any number by 2 halves it; by 3, re- 
duces it to one third; &c, for, ſince unit is con- 
tained in any number ſo many times as that num- 
ber expreſſes, therefore 2, being twice as great as 
unit, is contained in it half that number of times, 
i, e, the quoticnt of any number divided by 2 is 
half that number; and 3 being thrice as great as 1, 
is contained but a third part as often; or, the 
quotient of any number divided by 3 is a third 
part of that number; &c, 

In-multiplication we have given, the number 
and the multiplier; and the product is required: 
In diviſion we have the number and the product; 
and the multiplier is required: and as in multi- 

plication 
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i 
plication the operation is to add the given num- 
ber to itſelf a propoſed number of times, and 
reckon the amount: fo, reverſely, in diviſion, the 
operation is to ſubtract the given number from 
the product as often as poſſible, and reckon the 
number of ſubtractions. 

23. As this operation, performed at length, 
would be very tedious when the quotient is a 
high number, it is proper to ſhorten it by every 
convenient method; and for this purpoſe we may 
multiply the diviſor by ſome number which gives 
a product not greater than the dividend, and ſo 
ſubtract it twice, thrice, or oftner at the ſame 
time, 

When the quotient does not conſiſt of more 
than one figure, the beſt way is to multiply the 
diviſor by the greateſt number, that does not 
give a product greater than the dividend; and 
that number is the quotient; e. g. to find how 
many times 7 is contained in 45, we inquire what 
is the greateſt multiplier of 7, that does not give 
a product greater than 45, which we find is 6, 
and 6 times 7 is 42, which, ſubtracted from 45, 
leaves a remainder 3; therefore 7 may be ſub- 
tracted 6 times from 45; or, (which is the ſame 
thing) 45, divided by 7, gives a quotient 6, and 
a remainder 3. 

If the diviſor do not exceed the limits of the 
multiplication table, we readily find the higheſt 
multiplier that can be uſed from that- table : if it 

« exceed 


e —˙» OI oO 


8 - 
—_— 
- A. 


— Pr IO oo 0 OOO —— — — — —— —— —< -- — 
4 — 
- 


— — —EVl3J —yᷣtn l — — — 
-—- 
5 
. . 


(4 1 


exceed thoſe limits, we may try any multiplier 
that we think will anſwer: if the product be 
found greater than the dividend, the multiplier 
was too great; if the remainder, after the pro- 
duct has been ſubtracted from the dividend, be 
found greater than the diviſor, the multiplier 
was too ſmall. Ih either of theſe caſes another 
multiplier muſt be tried. 1 

If the diviſor be contained oftner than 9 times 
in the dividend, the operation requires as many 
ſteps as there are figures in the quotient: for in- 
ſtance, if the quotient be greater than gg, but leſs 
than 1000, it requires 3 ſteps, We firſt inquire 
how many hundred times the diviſor is contained 
in the dividend, and ſubtract the amount of theſe 
hundreds: Then we inquire how often it is con- 
tained ten times in the remainder, and ſubtract the 
amount of theſe tens: Laſtly, we inquire how 
many ſingle times it is contained in the new re- 
mainder, 

It is very eaſy to find both the higheſt claſs of 
the quotient, and alſo what the digits of that, 
and the other claſſes muſt be: for, if we aſſume 


from the left of the dividend the leaſt part, that 


(conſidered independent of the reſt of the figures) 
conſtitutes a number not leſs than the diviſor, 
the claſs in which the loweſt figure of this part 
ſtands, (which for diſt inction ſake we will call the 
claſs in which the aſſumed number ſtands) is the 
higheſt claſs of the quotient; for, becauſe the 

| Pt diviſor 
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diviſor is contained ſo many ſimple times in that 
aſſumed part of the dividend, (when conſidered 
ſimply) therefore, if that aſſumed part be tens, or 
hundreds, or ſome higher claſs, the diviſor is 
contained in it as many ten times, as many hun- 
dred times, or as many times of ſome higher de- 
nomination, 

For example, ſuppoſe 5372 is to be divided by 
41; 53 is the leaſt part of the dividend we can 
aſſume that is not leſs than 41; now 33, In this 
example, ſtands in the claſs of hundreds; but as 
often as 41 is contained in 53, ſo many hundred 
times is it contained in 5300, or in 5372; for it Is 
not poſſible that the addition of this remaining 
part (72) of the dividend, can increaſe the firſt 
quotient figure, ſince this remaining part cannot 
be ſo great as one hundred ;* therefore the high- 
eſt digit is properly determined by conſidering. 
how often 41 is contained in 53, and placiug the 

E- anſwer 


* If the affumed part be increaſed by 1, the diviſor (to take un 
extreme caſe) can be contained but once oftner, and that without 
any remainder ; and conſequently can be contained but one ten 
times oftner in this increaſed number conſidered as tens ; but one 
hundred times oftner in this increaſed number, conſidered as hun- 
dreds ; &c, and that without any remainder ; that is; the addition 
of leſs than one of the claſs in which the aſſumed number ſtands, 
cannot iucreaſe the quotient figure ; but the remainder,” whatever 
it be, is always leſs than one of the claſs in which the aſſumed nuw- 
ber ſtands ; therefore the addition of the remainder cannot aſſect 
the firſt figure of the quotient; Thus, is contained in 27% 3 times; 

| | | therefore 
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anſwer (Which is 1) in the claſs of hundreds; 47 
then is contained one hundred times in 5372; 
therefore we may ſubtra& one hundred times 41 
from 5372, which will leave 1272: now we are 
to find how many ten times 41 is contained in this 
remainder; in order to which, we inquire how 
many ſimple times 41 is contained in 127; the 
anſwer to which (3) muſt be placed in claſs of 
tens: then we ſubtract 30 times 41 from the re- 
mainder 1272, which leaves 42; and it only re- 
mains to determine how many ſimple times 41 is 
contained in 42; this is found to be once, a re- 
mainder being left of 1. Thus we have found 
how many times 41 is contained in 5372; we have 
found it to be 100 times, together with 30 times, 
together with once, or 131 times, * 


therefore in 27000, 3000 times; add one to the 27, it becomes 28; 
and 7 is contained in it exactly 4 times; therefore in 28000, exactly 
4000 times: whatever therefore be ſubſtituted for the cyphers in 
27000, 7 will not be contained more thouſand times than three 
thouſand times ; for to increaſe the number the moſt poſlible, let 
nines be ſubſtituted ; it becomes 27999, which is not ſo great as 
28000, | 
* The operation i is as follows: 


$372 
4100 1s 100 times 41 


1ſt Remainder 1272 
1230 13 30 times 41 


2d Remainder 42 
41 is once 41 


3d Remainder I 


131 The total number of ſubtractions. 
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It might have happened, that the diviſor ſhould 
not have been contained in the firſt remainder any 
ten times at all; in that caſe we muſt have put a 
cypher in the tens place of the quotient, and have 
proceeded to inquire how many {imple times the 
diviſor might be contained in the ſame remainder, 

In ſubtracting the hundred times 41, the moſt 
convenient method is, only to multiply the 41 by. 
the digit 1, and ſubtract the product from the 53, 
from which that digit was obtained; the next. 
figure of the dividend (7) annexed to the remain- 
der (12) conſtitutes the. 127, by which it is to be 
determined the tens place of the anſwer, If this 
number. had been leſs than 41, we muſt have 
placed a cypher as the next figure of the quotient, 
and have annexed the remaining figure of the di- 
vidend, to have determined the units place of the 
quotient : and, in general, it is obvious, that if 
we always multiply the diviſor by the ſimple 
digit obtained, and ſubtract the product from that 
part of the dividend, from which the digit was 
obtained, the remainder, with one figure more of 
the dividend annexed, conſtitutes the number, by 
which we muſt determine the next place of the 
quotient, and if it be found that a cypher muſt 
occupy this place, (i. e. if the number made up of 
the remainder and figure annexed be found leſs 
than the diviſor) another figure of the dividend, 
annexed to the ſame remainder conſtitutes the 
number, by which we muſt determine the ſuc- 
| E 2 - eeeding 
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ceeding place of the quotient, &c, Hence the 
following | 


RULE FOR DIVISION OF NUMBERS, 


24. Place the dividend to the right hand of 
the diviſor, ſeparating them by a line: in- 
quire how often the diviſor be contained in 
that number, which the higheſt one, two or 
more figures of the dividend expreſs, indepen- 
dently of the reſt; taking no more figures of the 
dividend than are ſufficient to make up a number 
not leſs than the diviſor : place the quotient figure 
to the right of the dividend, ſeparating them by 
2 line, Multiply the diviſor by the quotient 
figure, and ſubtract the product from that part of 
the dividend which was employed in finding it, 
To the right hand of the remainder annex the 
next figure of the dividend, and if the remainder 
and this figure annexed conſtitute a number leſs 
than the diviſor, ſet down a cypher for the next 
place of the quotient, and annex another figure 
of the dividend; If the number made up of the 
remainder, and the two annexed figures be leſs 
than the diviſor, place another cypher in the 
quotient, and annex another figure of the divi- 
dend, and ſo on, till a number be formed that is 
not leſs than the diviſor, which (when obtained) 
conſider as a dividend, and inquire how often the 
diviſor be contained in it; ſet the anſwer in the 
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next place of the quotient; multiply the diviſor 
by this laſt obtained figure, and ſubtract the pro- 
duct from the laſt dividend; proceed with the 
remainder as before: when there are no more 
figures of the dividend to annex, the pperation is 
completed. | 


EXAMPLES, 


Piviſor Dividend Qpgtient 

iſt, 365) 317550 (879 
— 
2555 
2555 
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Diviſor Dividend | Quotient 
2d, 27) 6210038 ( 230001 
54 


Definition, 
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Definition. The dividends by which each 
figure of the quotient is obtained, are called 
dividuals, 1 ä 

If it ſhould not readily appear how often the 
diviſor be contained in any dividual, cut off all 
but the firſt or higheſt figure of the diviſor, and 
as many figures from the dividual, and inquire 
how often this firſt figure is contained in the re- 
maining part of the dividual; the anſwer is al- 
ways as great as the required quotient figure, and 
generally too great by one or two. e. g. to find 
how often 365 is contained in 3175, we inquire 
how often 3 is contained in 31; the anſwer isg; 
and ſo often is 300 contained in 3100; and nearly 
ſo often muſt 365 be contained in 3175. 

Obſervation 1. The uſe of actually multiplying 
the diviſor by the quotient figure, is to find the 
remalnders; if the diviſor be ſo ſmall, that they 
can be had by inſpection, this multiplication is 
needleſs, 


EXAMPLES. 


3d. 8) 83 (3 Remainder 


10 Quotient 


4th. 12 ) 1211890 ( 10 Remainder 


100990 


Obſervation 


1 

Obſervation 2. When cyphers occupy the right 
hand place or places of the diviſor, cut them off, 
and cut off an equal number of figures from the 
dividend. | 

For if there be one, two, &c, cyphers to the 
right, in the diviſor, the diviſor conſiſts of an 
exact number of tens, hundreds, &c. in the re- 
ſpective caſes; and therefore the quotient is not 
affected by the units place of the dividend; ; by the 

- units and tens place; &c. reſpectively; but is the 
ſame as if ſo many places of the dividend were 
cyphers, Now if the dividend and diviſor had an 
equal number of cyphers in the right hand places, 
they clearly might be neglected in performing the 
operation of diviſion, 

For as many times as the diviſor is contained 
in the dividend, ſo many times is a tenth part of 
the diviſor contained in a tenth part of the divi- 
dend, ſo many times is an hundredth part of the 
diviſor contained in an hundredth part of the di- 
vidend, &c. 

The true remainder is had by annexing to the 
remainder ariſing from the operation, the figures 
of the dividend, that were cut off, 

For if a tenth part of the dividend, (neglecting 
the value of the units) or an hundredth part, (neg- 
lecting the value of the units and tens) &c. con- 
tain a tenth part or an hundredth part, &c. of the 
diviſor ſo many times, with a certain remainder. 
over, the whole dividend (neglecting the value of 


the 


5 —ͤ—ñʒ—̃ . — — — © "SS — :p — Mk —— A eto to as — — ke 
2 <> _— * 
_ 4 * — - — — * 
- ng = 


— — 
16 ˙¹ ꝗ was JwA 
—— - 


= 


the ſame places) will contain the Whole diviſor as 


many times, with ten times, one hundred times, 
&c. the ſame remainder, in the reſpective caſes; 


therefore if the dividend be conſidered in its com- 


plete value, the remainder is ten times, one hun- 
dred times, &c, the reſulting remainder, together 
with the part cut off; i, e. the part cut off muſt be 
annexed to the remainder ariſing from the opera- 
tion. 

Thus, if the diviſor be 500, and the dividend 
3721; becauſe 37 contains 5, 7 times and 2 over, 
therefore 3700 contains 500, 7 times and 200 over, 


and 3721 contains 500, 7 times with 221 over, 


EXAMPLES. 
th. 16,000) 3 (54. Rem. 23 


— — 


64 
64 
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6th. 7,00) 309,00 ( 
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Obſervation 3. Hence to divide by 10, by 106, 
or, in general, by unity with any number of cy- 


phers annexed, we need only cut off that number” 
| of 


of 


f 


I 


of figures from the right hand of the dividend ; 
the other figures of the dividend exhibit the quo- 
tient, and the figures cut off, the remainder, 

Ex. The quotient of 71023 divided by 100, is 
710; the remainder 23. 

The quotient of 546001 div ided by 1000, is 
246; the remainder 1. 

The quotient of 330000 divided * toooo, is 
33; the remainder o. 

25. There are no other methods than theſe 
four, given under the rules of addition, ſubtrac- 
tion, multiplication and diviſion, by which num- 
bers are increaſed or diminiſhed, 
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CHAPTER II. 


DEFINITIONS, 


Axticus 26. 1 is Univerſal Arithme- 
. tic; certain relations being ſup” 
pofed between numbers, other relaticus and pro- 
i perties are deduced by common reaſoning, 

27. To abbreviate this reaſoning, arbitrary 
ſymbols are put to denote both the numbers rea- 
ſoned upon, and the operations ſuppoſed to take 
place between them: ſo that algebra may be con- 

Ludlim ſidered as a kind of ſhort hand writing, which 
may at any time be tranſlated into words at 
length. 

| Such a ſhort hand is of great uſe in reducing 

| any reaſoning into writing, The argument is 

more readily comprehended, and the relation be- 
| tween diſtant ideas much more eaſily diſcerned, 
| than when incumbered by words at length, 

28, In algebra quantities are either wholly re- 

| 7 preſented by ſymbols, or partly by ſymbols, and 
| 

| 
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partly by numerical characters. So far as they 
are repreſented by diſſimilar ſymbols, the opera- 
tions of addition, ſubtraction, multiplication and 
diviſion cannot actually take place: ſo far as they 


are 


DEFINITIONS. I 
are repreſented by numerical characters or ſimilar 
ſymbols, they may: For inſtance, if any number 
be repreſented by the letter b, and another by the 
letter c, the ſum of theſe two numbers can no 
otherwiſe be expreſſed, than by ſome mark de- 
noting the addition of c to 6; but, if to the ſum 
of þ and 3 (expreſſed by a ſymbol) we have to 
add 7, we may incorporate the 7 with the 3; and 


it becomes the ſum of þ and 10, expreſſed by that 


ſame ſymbol: Again, if 2b be defined to ſignify 
twice the number repreſentcd by 6, and it be re- 
quired to multiply 25 by the number c, ſuch 
multiplication muſt be expreſſed by fome ſign ; 
but if it be required to multiply 26 by 3, we need 
only change the 2 to 6, and write 66, which may 
denote 6 times b, (or 3 times twice b) if 2b denotes 
twice b. 


DEFINITIONS AND EXPLANATIONS OF 
SIGNS. 


29. Numbers are repreſented by the letters of 
the alphabet. 

30. The ſign +(p/us ) denotes that the quantity, 
to which it is prefixed, is to be added, 

Thus, a+6 ſignifies, that the quantity repre- 
ſented by b is to be added to that, repreſented by 
e, and is read, a plus b. 

If a repreſent 5, and b, 7, a+6, repreſents 12. 

1 31. Quantities 


=: DEFINITIONS. 


31. Quantities to be added are called JO 
quantities. 

32. The ſign - (minus) denotes that the quan- 
tity to which it is prefixed, is to be ſubtracted. 

Thus 42-6 ſignifies that h is to be ſubtracted 
from a, and is read, @ minus b. 

If a repreſent 7, and b, 5, a—b repreſents 2. 

33. Quantities to be ſubtracted are called ne- 
gative quantities. 

Note. The characters and -, from their ex- 
tenſive uſe in algebra, are called The Signs.“ 

33. The ſign x (into) denotes that the quanti- 
ties, between which it ſtands, are to be multipli- 
ed * together, 

Thus ab ſignifies that à is to be ANDRE 
by:&. :> + 

If a be 2, and ö, 3, axb repreſents 6, 

35. A full point is — uſed for the ſame 
purpoſe. 

Thus, I* 2 * 3, and 1. 2. 3 ſignify the ſame 
thing. 

36, The multiplication of ſimple factors is 
uſually denoted by their — poſition, without 
any other ſign. 

Thus, ab ſignifies the ſame as a x b. a 

37. In products where the fame factor is repeat- 
ed, it is uſual to write down the repeated factor 


* We ſay multiplied together, becauſe the product a multiplied 
by b, is equal to the produd b multiplicd by a, (See Art, 70.) 


g only 
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only once, and place a numher at the head, indi- 
cative of the number of like factors. 

Thus, xx is written x“; xxx is written x“; &c, 
z aa x xxx x is written2 a* x“; &c, &c, 

The ſign of multiplication is read (where ne- 
ceſſary) by the word into: Thus 2 * 3, is read 
two into three, 

38, The ſign + (divided by, or by ) denotes that 
the former of the quantities, between which it is 
placed, is to be divided by the latter, 

Thus, a—+6, ſignifies that à is to be divided by 
b, and is read, a divided by b, or, a by b. 

If a be 6, and b, 3, a—+b repreſents 2. 

39. The diviſion of one quantity by another, is 
alſo repreſented by placing the diviſor under the 
dividend, with a line between them. | 


Thus ; ſignifies a divided by 6, 


40. The ſign < between two quantities denotes 
their difference, 

Thus, ax, ſignifies the exceſs of x above a, 
or the excels of a above x, according as x or à be 
the greater, 

41. A line drawn over ſeveral quantities denotes 
that they are to be taken collectively, and is called 
2 vinculum. 

Thus a+b x Jad, or T. c+a, ſignifies that 
the ſum of à and b is to be multiplied by the ſum 
of c and d; a+b = Ta, ſignifies that the ſum 

of 


— — 


DO — — 


— — — 


— — A 
. 


— — 


— - — - — 
- cn__——_——— rw . —— p ona — H ͤ— —— 
7 — * - 


-— — — — 


_— 


- = — — — -—» — + 
- — — 
- 


— — — — B22 , ,,, r mZãůmgᷓ— ROO oo —— — — 
— — * 38 
- - 1 — = 
N * —_ 


33 DEFINITIONS. 


of @ and 6 js to be divided by the ſum of 


c and d. | 

If diviſion be repreſented according to the ſe- 
cond method, there is no occaſion for the vin- 
culum, 


+6. — 
Thus —is the ſame as a x e x d. 


Again, 2=b+c—&, ſignifies that the quan- 
tity -d, is to be added to the quantity @—b; 
2+b—c-—4, ſignifies that the quantity c= d is to 
be ſubtracted from the ſum of à and b, 

42. Inſtead of the vinculum, a parentheſis is 
ſometimes uſed, 

Thus, a+þ x c+0, and (a+b) x (ex d) ſignify the 
fame thing. 

43. The ſign = (equal to) denotes that the 
quantities, between which it is placed, are equal 
to each other, | 

Thus a+b=c, ſignifies that the quantity a+6 
is equal to the quantity c; ax—-by=cd+4", ſig- 
nifies that the quantity ax - by=, is equal to the 
quantity cd +4*, | 

44. The number prefixed to any quantity, which 
ſhews how often that quantity is to be taken, is 
called the coefficient of the term in which it is 
found, 

Thus, 7, 4 and 3 are called the coefficients of 
7ax, 4 by and 32 reſpectively. 


Unity 
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Unity may be ſaid to be the coefficient of a 
term or expreſſion where no number is prefixed 
to the letters; becauſe ſuch term or expreſſion 
repreſents « quantity fimply taken once, 

Thus, 1 is the coefficient of a, or Z, becauſe 
ais1xa, and a+ is 1 x a+b, Theſe numbers 
are ſometimes repreſented by letters, which are 
then called coefficients, | 

45. Similar, or like algebraical quantities, are 
ſach as differ only in their numerical part. 

Thus 4a, Fab, 1145, a* b* c, are reſpectively 
ſimilar to 6a, gab, ga*194*b*c, 

46, Unlike quanrities are different combinations 
of letters, | 

Thus, a, a*, za b, a*b, ab*, abe, &c, are all 
unlike, 

47. A quantity is ſaid to be a multiple of ano- 
ther, when it contains that other a certain num- 
ber of times exactly. 

Thus, 15 «4 is a multiple of 3 a, containing 3 2 
exactly 5 times. 

48. A quantity is ſaid to be a meaſure of ano- 
ther, when it is contained in that other a certain 
number of times exactly. 

Thus, 3 à is a meaſure of 15 a, being contained 
in 15 à exactly 5 times. 


49. A ſimple algebraic quantity is one, which 


conſiſts of a ſingle term; as a, or ab, or 75 &c, 


50, A 
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Fo. A compound quantity is one that conſiſts of 
ſeveral terms; as a+b; 2a—3c+4d; &c, 

51. A compound quantity conſiſting of two 
terms, is called a binomial ; of three terms, a tri- 
nomial, &c. of many terms, a multinomial. 

52. A binomial, one of whoſe terms is poſitive, 
and the other negative, is called a reſidual, 

53. The ſign .*, is uſed as an abbreviation for 
the word therefore. 

54. Aſteriſks are frequently put to denote va- 
eant places, 

Thus, if in the ſeries of natural numbers 
I, 2, 3, 4, 5, 6, the 3 be omitted in any particular 
caſe, the ſeries may be expreſſed thus, 1, 2, , 4, 5, 6, 


CHAP, 
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CHAPTER III. 
OF ADDITION AND SUBTRACTION, 


ARTICLE 55. | gas the addition of any quantity 

is expreſſed by ſetting it down 
with the ſign + prefixed, the ſum of à and b is 
written a4; the ſum of a and þ—c (where b is 
ſuppoſed greater than c) is written a+b—c, or 
9+b—c; for whether we firſt ſubtract c from 6, 
and add the remainder to a, or add to a the whole 
of ö, and from their ſum ſubtract c, the reſult 
will evidently be the ſame, * 

In the ſame manner, if to a-, cd is to be 
added, (where again b is ſuppoſed leſs than a, and 
dleſs than c) the ſum is a d, or a=b+c=—d, 
or a- bc- d. and, in general, 

56. The ſum of any compound, or ſimple quantities, 
may be expreſſed by ſetting down each term with 
its ſign prefixed; and the reſulting expreſſion may 
be conſidered either as the ſum of all the poſitive 
terms diminiſhed by the ſum of all the negative 
terms, or as the ſums, or differences, or ſums and 


* þ exceeds b—c by e.. a+d exceeds a+b—c by & 
e+b—c=a+0—c. | 


G differefſtes 
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differences of any combinations of terms whatſo- 
ever, taken in any order, ; 

Thus the above-expreſſion a- e- d is either 
the ſum of à and c diminiſhed by the ſum of 
5 and d; or it is the difference of a and b encreaſed 
by the difference of c and d; or it is the difference 
of a and d added to or ſubtracted from c, (accord- 
ing as a be greater or leſs than d) and the reſult 
diminiſhed by b ; &c. 

Hence it appears, that the order in which the 
terms are ſet down does not affect the value of the 
expreſſion, provided each term have its proper 
ſign prefixed, 

57. Alſo, ſince the differences between quanti- 
ties are denoted by the'ſign —, if of the two quan- 
tities a and 6, @ be the greater, their difference 
is expreſſed thus, a—b;'if the quantities be a'and 
Tc, (e being ſuppoſed leſs than ö, and the diffe- 
rence between bᷣ and c leſs than a) their difference 
is written 4—b=c, or a—b+c, which is the ſame; 
fer the difference of any two quantities is the 
ſame as the difference of thoſe two'quantities in- 
creaſed by any common quantity .*, a diminifhed 
by bc, (2 i), is the ſame as a+c diminiſhed 
by 5, (a—-b+c), fince a+c exceeds a, and 5, 
(=b—c+c) exceeds b—c, by the common quan- 
tity c. 

Here 6 —c may repreſent any compound quan- 
tity whatſoever, conſiſting of poſitive and nega- 
tive 
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tive terms, ſince any ſuch quantity is equal to 
the ſum of all its poſitive terms, diminiſhed by 
the ſum of all its negative terms, 

58, From this reaſoning it appears, that if by 
addition were meant the increaſing of a quantity. 
by ſome other quantity, the rule for the addition 
of quantities would be, Set down all the quanti- 
ties, prefixing to each term its proper ſign, 

59. And if by ſubtraction were meant the di- 
miniſhing a quantity by ſome other (which other 
cannot be greater than the quantity to be dimi- 
niſhed, ſince from any quantity there can be taken 
no more than the whole) the rule for ſubtracting 
quantities would be, Connect the ſubtrahend with 
the quantity from which it is to be ſubtracted, 
prefixing — to each of its poſitive terms, and + to 
each of its negative terms; or, (which is the ſame 
thing) Change the ſign of each term in the ſub- 
trahend, and connect it as in addition, 

60. But the word addition is uſed by writers on 
algebra in a more extended ſenſe. Quantities are 
imagined to be of two kinds, poſitive and nega- 
tive, poſitive diſtinguiſhed by the ſiga +, negative 
by the ſign —; having an oppoſite effect in all ex- 
preſſions, into which they enter as parts: thus, 
as 2 4 74 (or 3 a) is the ſum of +2 @ and a, or of 
2 4 and a, ſo 24 a4, (or a) is conceived to be the 
ſum of 2a and a; a—b is the ſum of a and —- 5 
a+b—c is the ſum of a and b=c, whether 6 be 


greater than c or not, 
| G 2 61, If 
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61. If 5 be leſs than a, a—b, or the ſum of a 
and —b is really the difference of à and 6, but if 
5 be greater than a, ſuppoſe equal to a+», then 
4b, or a- 4-1 is equal to -n or a—-b then 
Bgnifies the negative difference between a and b. 
Thus, the real difference between 3 and 5 be- 
ing 2, 3 5, or 3-3 - 2, ſignifies — 2. 

62, If to - 4b, (the ſum of — à and - 5), +b 
be added, the ſum is —a—b+6, or - a, which is a 
leſs negative quantity than - 45, bot may be 
conceived to be greater than —a—b, if by greater 
be meant leſs removed from poſitive quantity; 
and under this idea poſitive quantities may be de- 
fined ſuch as increaſe, and negative quantities 
ſuch as decreaſe the value of any expreſſion with 
which they are eonnected. 

63. In an analogous manner is the meaning of the 
word ſubtraction extended by writers on algebra 
and as the buſineſs of ſubtraction, as explained in 
chapter 1. is to take away from a given quantity 
ſome other quantity which forms a part of it, ſo 
alſo is it of algebraical ſubtraction. 

Thus, to ſubtract b from a+b, means to take 
away the part þ; to ſubtrat —b from 4-5, 
means to take away the part —b; the part left in 
both theſe caſes is the ſame, viz, a; and the ſame 
would have been the reſult, had the quantity b, 
with its ſign changed, been added in each caſe, 
i. e. b in the firſt, and +b in the ſecond caſe, 


64. Any 


* 
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64. Any quantity bor -b may be conſidered as 
a part of any other quantity 4, though it be not 
found among its terms; for a=a+b=b, therefore 
if -b be ſubtracted from a, or from a+6b—b, ac- 
cording to the above idea of ſubtraction, the re- 
ſult will be a+b; if b—c be ſubtracted from a, 
or from a+b—c—b+c, the reſult will be a—b +c; 
and in general | 

The ſubtraction of any quantity whatſoever 
will give the ſame reſult as the addition of the 
ſame terms with changed ſigns, 

65, Let the difference between b and c be n; 
then a+b—c, if b be greater than c, is the ſum of 
aand n; it is alſo the remainder which is left after 
ſubtracting - from a; but if b be leſs than c, 
b-cis -n and ae is then the ſum of @ and 
u, or the remainder which is left after ſubtract 
ing u from 4. | 

Again, if b be greater than c, 2 - is the re- 
mainder left after ſubtracting n from a ; it is alſo 
the ſum of a and -; but if b be leſs than c, b=c 
is—n,anda —b—c is the remainder left after ſub- 
tracting —n from @; or the ſum of @ and u. 

66. From what has been ſaid above, it is evi- 
dent that algebraic addition may be defined 

Connecting quantities together, prefixing to 
each term its proper ſign.“ 

And that algebraic ſubtraction may be defined 

* The finding that RP which added to the 


ſu btrahend, 
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ſubtrahend, forms the quantity from which the 
ſubtraction is to be made,” 

67. In addition and ſubtraction the reſulting 
expreſſions may be ſhortened, when any of the 
terms conſiſt of the ſame literal part, by actually 
incorporating ſuch terms together, 

Thus, a+4, is more conveniently expreſſed by 
24; 4 24, by - a3 —-a—-b- ga (or -a-b+4ga) by 
34 b; &c. &c. 

68. To facilitate the actual performance of ad- 
dition, and ſubtraction, the general rules for the 
different caſes, are here ſubjoined ; the reaſon of 
each rule will readily appear from what has been 
faid above. 


ADDITION, 


4 D DIT 160 


CASE 1. T add quantities which are * and 
have like ſigns. 


Rule. Add together the coefficients; to their 


ſum prefix the common ſign; and ſubjoin the com- 
mon letter or letters. 


EXAMPLES. 


To +5a To —66 To a+b 
Add +44 Add - 26 Add 34 7 505 


Sum ga Sum 85 Sum 44765 


— ——— 


To 334 46 To a-b+x- 
Add 5a — Add 4-26 


—— —— — 


Sum 84 126 Sum 24 3b+x 


CASE 2. To add quantities that are alike, but 

have unlike ſigns. x 
Rule, Subtract the leſs coefficients from the 

greater; prefix the ſign of the greater to the 


remainder, and ſubjoin the common letter or 
letters. | 


EXAMPLES. 


1 


48 OF ADDITION AND SUBTRACTION, 


EXAMPLES: 


To +5b—-6c 
Add +3b+8c 


Sum 8&b+2c 


To a+6x-5y=-8 
Add — 5a—4x+5y+3 


Sum. — ga+2x 5 


22 — 36 
Add 24 736 


* 


If there be more than two quantities to be 
added together, firſt collect the poſitive into one 
ſum, and the negative into another (by caſe 1.): 
then add the two reſulting ſums together, by the 


preſent caſe. 


Ex, 


| Sum of the poſitive 
| ns Sum of the negative 


Sum of all 


+8a 
—- 7a 
+104 
— 1204 


Cat, 
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CAsE 3. To add quantities that are unlike, 
Rule. Set down all the terms one after another, 
with their ſigns prefixed, 


EXAMPLES. 


To +2a To +3a To 4yga+4b+3c 
Add +3b ' Add = 4x Add -z—-4y+32 
— C——— ̃ — — — 


— — — — 


24 ＋ 36 734 4 4 C4 T3 -- 


EXAMPLE TO ALL THE CASES, 


Sum 142 6c 24 ze 


4 SUBTRACTION, 


7 * 
-- 


SUBTRACTION, 


General Rule, Change the ſigns of the quan- 
tity to be ſubtracted to the contrary ſigns; add it 
ſo changed to the quantity from which it was to 
be ſubtracted (by the preceding rules) : the ſum 
reſulting from this addition is the remainder re- 
quired, 


EXAMPLES. 


From 52 From 8275 From 37 


Sub. 3a Sub, — 34145 Sub. — 24 


24 114 — 115 327122 
From a- 34 ＋ 5 From a- 2b ＋d- ze 
Sub. 6a+4x = 2d Sub. a- 2b ＋ 
— 5a rd * * d- - ze 


2x ů — 


CHAP, 


2 


CHAPTER IV. 


OF MUL TIPLICATION 


ARTICLE 69. TF the multiplier and multiplicand 

be divided into parts, and each 
part of the multiplicand be multiplied by each 
part of the multiplier, the ſum of all the reſulting 
products is the product of the whole multiplicand 
multiplied by the whole multiplier, 

Thus, if a+b+c be the multiplicand, and d+e 
be the multiplier, the product a+b+c x d+e is 
ad +bd +cd Tae +be +ce, : 

70, Hence it follows that in all caſes, if the 
multiplicand be made the multiplier, and the mul- 
tiplier the multiplicand, the product will be the 
ſame as before; for let mz denote any multiplier 
whatſoever, and x any multiplicand ; then as u is 
1+1+1+ &c, tos terms, » multiplied by , 
or n taken n times, is 1x m+1xm+1xmÞ+ &e. 
to n terms, or n n + &c, to n terms (by laſt 
article); but m+m+m+ &c. to n terms is m ta- 
ken u times, or m multipled by u, 

„. n taken m times is equal to mz taken times. 


H 2 71. It 
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757; It follows alſo that any product mn, multi- 
plied by r, is equal to the product mr multiplied 
by u, or to the product ur multiplied by m. 

For mn is m+m+ &c. to n terms; 

. n multiplied by is mr + mr + &c, to n terms; 

But mr +mr+mr+ &c. ton terms is mr taken u 
times; | 

*. mn taken times=mr taken n times; 

And in the ſame manner, becauſe mn is n+n+ 
&c, to m terms, it follows that mn x r=nr x m. 

72. It follows alſo that mur * p=mnp x r= 
urp x m= &c, mn x ip mp x urg &e. 

For nr is mn+mMn &c. to r terms; 

. mnr x p=mnp +mnp + &c; to r terms; 

But unp +mnp + dc, tor terms=mmp x r; 

„. mur X PEMNDXRY: 

Again, mnr (by laſt article) =m+m-+ Kc. to 
nr terms; . mnr y. p=mp +mp + &c, to nr terms; 
but mp + mp &c. to nr terms D x nr, . mur x Þ 
mp x nr ; &c, &c, 

73. By continuing the ſame method of reaſon- 
ing, it appears that, in general, whatever be the 
number of factors, the product may be conſi- 
dered as the product of any two combinations of 
them; and becauſe the products, which theſe 
combinations repreſent, may again be conſidered 
as reſulting from any combinations of their fac- 
tors, it follows that 


A pro- 
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A product a. b. c. d. e. f. &c, may be conſidered as 
the product ab multiplied by cd, and the reſult mul- 
tiplied by ef & c. or as a multiplied by the product 
cf, and the reſult multiplied by h de &c. or any 
other way in which the factors can be combined; 
in other words, a product depends only on the 
factors, not on the order on which the multipli- 
cation is carried on, 

Note. The numeral part of a product is uſually 
prefixed to the other factors. 

Thus, 2a * 36 is not written 243b, but 2.3ab, 
or Gab. 

74. The general deſignation of a product being 
by placing the ſign x, or a full point between 
the factors, or, if the factors be ſimple quantities, 
by juxta poſition; it appears (Art. 69.) that, 

When the factors are compound quantities, all 
whoſe terms are poſitive, the product is alſo 
truly repreſented by the ſum of the products of 
every two of the parts, 

75. When one or both of the factors are com- 
pound quantities, conſiſting of the exceſs of the 
ſum of certain poſitive terms above the ſum of 
certain negative terms, the product is truly re- 
preſented by the collected products of each term 

of the multiplier, multiplied by each term of the 
| multiplicand, the ſign + being prefixed to the 
product of any two terms, that have the ſame 
ſign, and the ſign — to the product of any two 
terms that have different ſigns, For, 


1ſt, Let 


| 
| 
| 
G 
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1ſt, Let the factors be a—b and e; the quantity 
a—b, taken once, or a—b, is leſs than a by the 
quantity b; and @—-b taken twice is leſs than a 
taken twice by the quantity 26; for a—=b+a-F 
=2a—2b: in the ſame manner it appears that 
ab, taken c times, is leſs than a taken c times by 
the quantity bc ; but a taken c times is ac, . a—b 
taken c times is ac— bc, conformably to the above 


law. 


2d, Let the factors be ab and c+4d; by Art. 69. 


a—bxc+d=a—bxc+a—bxd; but (by caſe iſt.) 
a—bxc=ac-bc; and a=bxd=ad—bd . a- * 
c+d ac e +ad—bd=ac—be+ad-bda, confor- 


mably to the above law ; and it is evident that 
the ſame conformity would be found, if inſtead of 
the factor c+d, we employed a factor conſiſting 
of more terms. 

3d. Let the factors be a- ande- d; (by caſe iſt.) 
a—b taken c times is ac—bc; but - d is leſs than 
c by the quantity d, .. A times a—b is leſs 
than c times a—b by the quantity d times a—b; 
i, e. by the quantity ad- bd; . 2b 4 
ac-be=ad—bd=ac-bc-ad+b a, n — 
to the ſame law. 

And ſince any compound quantity whatſoever, 
wherein poſitive and negative terms are found, 
may be divided into two parts, the one conſiſting 
of all the poſitive terms, and the other conſiſting of 
all 


on a @ a. a Doan. a 
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all the negative terms, theſe three caſes eftabliſh 
the law univerſally, 

76. Hitherto the reaſoning has been confined 
to real quantities, i, e. either to ſimple poſitive 
quantities, or to compound quantities, conſiſting 
of poſitive terms only, or to compound quantities, 
the ſum of whoſe poſitive terms exceed the ſum 
of their negative terms: but it is evident that 
the definition of multiplication ſerves equally to 
determine the product of any imaginary quantity, 
when multiplied by a real quantity, 

Thus if —@ be conceived as a quantity, the 
double of — a, or —a multiplied by 2, will be de- 
ſignated by a negative quantity twice as great, i. e. 
by — 2a; the triple of —a, or —ax 3 will be de- 
ſignated by — 3a; and, in general, » times — a will 
be deſignated by - x a. f 

77. The ſame law which obtains when both 
factors are poſitive, ſerves alſo for determining 
the product ariſing from any negative multiplicand. 

For let the multiplicand, whether it be ſimple 
or compound, be equal to - A, and let the mul- 
tiplier be equal to B; then, becauſe from the ap- 
plication of this law to any multiplicand the ſame 
product reſults as from the application of it to 
that multiplicand with the ſign of each term 
changed, except that in the latter product, the 
ſign of each term will be found changed, it fol- 
lows that, ſince, if we change the ſigns of this ne- 
gative multiplicand, thereby making it equal to 

| +, 


— 
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+4, and then multiply it by B, according to that 
law, the reſult will be equal to 4B, therefore, if 


we multiply this negative multiplicand by B, ac- 
cording to that law, the reſult will be equal 
to ** AB. | 

Thus, if a- bg, and conſequently b— a=n, 
ſince b—a xc. (=nc) is bc—ac, it follows that 
a—b xc, (which is —nc) is ac—bc, determingd 
by the ſame law. 

78. Article 76 determines what the product of 
a negative multiplicand muſt be, when multiplied 


by any real quantity; and in art, 77, it is ſhewn 


that ſuch product is always to be obtained by the 
application of the law in art. 75; but neither from 
them, nor from the preceding articles, can any 
thing be deduced, proving what the product of 
any quantity, real or imaginary may be, when 
multiplied by a negative quantity, ſince whatſo- 
ever number of terms a quantity be taken, that 
number cannot poſſibly be other than a real poſi- 
tive number; or in other words, the definition of 


multiplication does not include negative multi- 


pliers, 


Nevertheleſs, from the conſideration of the na- 
ture and analogies of multiplication, if operations 
with abſtract negative quantities be allowed, this 
may be determined—viz, what definition of mul- 
tiplication by negative quantities, will be moſt 
convenient for algebraical operations, 

79. Suppoſe 


. 


ſe 
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79. Suppoſe that in the ſolution of ſome pro- 
blem, it ſhould ſeem expedient to multiply ſome 
quantity c by a compound quantity x—y, where 
it is not known whether x or y be the great- 
er; if x be the greater, the product is cx= cy, 
determined by the above law. Unleſs therefore 


cx - cy be allowed to be the product in either 


caſe, the operation would be at a ſtand; let us 
conſider, then, what will be the reſult of extend- 
ing this law to all caſes of negative multipliers, 
and whether the products, ſo determined, will, 
when the multipliers are compound, agree with 


the products which ariſe from the application of 


the ſame law, when ſimple negative quantities, 
of equal value, are ſubſtituted in the room of theſe 
compound multipliers. | 

Firſt, let. the multiplicand, whether ſimple or 
compound, be a poſitive quantity and equal to: 
and let the multiplier, whether ſimple or com- 
pound, be equal to — B: Then, ſince it can make 
no difference in the reſult, whether A be conſider- 


ed as the multiplicand, and - B the multiplier, 


or- be conſidered as the multiplicand, andi the 
multiplier, provided that the products be deter- 
mined in both caſes by the above law, and that 
—B multiplied by 4, according to that law, pro- 
duces a quantity equal to - 4B, it follows that A 
multiplied by - B, according to that law, pro- 
duces a quantity equal to = AB, 

I Thus, 


N 
! 
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Thus, if a- g= - u, c multiplied by @—5, ac- 
cording to that law, produces ac - be=ac = ac — nc 
= uc, the product of c multiplied by - x, accord- 
ing to the ſame law. | 

Secondly, let the multiplicand be a negative 
quantity, and equal to - As and let the multiplier 
be equal to -; then, ſince if we change the ſign 
of each term of the multiplier, thereby making it 
equal to +B, and then multiply according to the 
above law, the product will be equal to - LB, 
and that if we multiply by any quantity, and af- 
terwards by that quantity with all its ſigns 
changed, ſtill obſerving the ſame law, the two 
products will conſiſt of the ſame terms, but with 
changed ſigns, it follows, that if, according to the 
above law, we multiply a negative multiplied 
equal to -A, by a negative multiplier equal to 
— 3, the reſult will be equal to + 4B, 

Thus, if a—b=— u, ſince c multiplied by a—6 
is ac bc — nc, = c multiplied by a- b, by the ſame 
law, is be- ac Tuc, the product of —c multi- 
plied by - , according to the ſame law. 

80. It appears then, that if we determine the 
product of any multiplicand whatſoever, when 
multiplied by a negative multiplier, by the above 
law, the products, when the multiplicand and 
multiplier, one or both, be compound, will be 
the ſame as would reſult from the application of 
the ſame law to ſimple quantities of equal value, 
ſubſtituted in the room of theſe compound quan- 
tities. 81. More- 
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81. Moreover it appears that ſuch multiplica- 
tion by negative quantities may be defined 

« Subtracting the multiplicand, * as often as 
there are units in the multiplier,” 

For — FB, the product of A into — B, is A ſub- 
tracted as often as there are units in B; and + FB, 
the product of A into —B, is - A ſubtracted as 
often as there units in B. 

82. It is to be obſerved, that + 4 multiplied 
into—B, the product being determined as above, 
is equal to - 3 multiplied into + 4, analogous to 
the property of real factors, 

83. There are other analogies to be derived 
from algebraical operations, ſhewing that, if mul- 
tiplication by abſtra&t negative quantities be al- 
lowed, the above definition muſt neceſſarily be 
admitted; but as they cannot be anticipated, 
we may conclude this diſcuſſion with obſerving 
that, even if the above reaſonings were nugatory, 
yet if ſuch a definition of multiplication by nega- 
tive quantities be aſſumed, (and ſuch an aſſump- 
tion is by all writers on algebra, who admit ab- 
ſtract negative quantities, either made or implied) 
whatever deductions be fairly drawn from it, can 
cauſe no error to ariſe in algebraical computa- 
tions, | 

84. The reſult of the above remarks on multi- 
plication, ſo far as concerns practiſe, is contained 
in the following 


* Couſidered abſtracted from its ſign, 
I 2 Univerſal 


| 
? 


— — 


MULTIPLICATION. 


Univerſal Rule for Multiplication, 


Multiply every term of the multiplicand by 
each term of the multiplier, one after another, 
prefixing + to the product of any two terms, that 
have like ſigns, and - to the product of any two 
terms that have unlike ſigns; collect all the pro- 
ducts into one ſum; that ſum is the product re- 
quired, | 

Note, It is convenient to arrange the terms in 
ſuch a manner, that like terms in the product may 
ſtand one under the other; in order that ſuch 
terms may readily be collected together for the 
final expreſſion. 


EXAMPLES. 
1ſt. Mull a+x 2d. Mul — a- 
Mulr a+x Mul — a2 
a' ax a har 
+ az TT Tar TT 
Prod. a +2ax+2* prod. a +$2a7+2* 
3d a+x 4th, - TTA 
a - & T +a 
a ＋ ar T +az 
— ax - - at+a* 
a' # —2* - * +a* 


5th, 
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5th, 4 +ax+x* th. a - az +27 
4 — a +Zz 


a* TA, TA a —a*X+az* 
=6*Z=027" =2 | pa*'z—ar' 142. 


* 


—— 


Y y * Sig a* * * —+2* 


_ 


— 


by ” * by 


7th, 1 — 4X + 
T* +47 + 


2* — 47* +87? 
+4x* —16x* +32x 
+8x* = 32x +64 


1 * * 464 


— 


8th, 24736 
34x —4by 


—— 
— 


6a* x +gabr— Saby 12b'y | 
gth, & —ax=bx+ab 
424 
a X — = bz* +abs | : 
c +acz+bcr— abc 


wa — - 


& -r -r c +abx+acz+bcr = abe 


——_— 


— 


85. Any 
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85. Any compound expreſſion, each of whoſe 
terms is the product of a common quantity, mul- 
tiplied into other factors, is equal to that com- 
mon quantity, multiplied into the algebraical ſum 
of all the other factors. 


Thus, ax bx, or x * TN b, =x x a+b; 
ax - bx, or xx a+xx -b, =xx a—b 


a* by — a by* + aby* — b*y=by x a* — a*b+ab* —b*; 
ax—XZEXXAa—Tle 
The collecting of terms together in this manner 


is often uſeful in point of perſpicuity, eſpecially 


where the other factors are to be conſidered as 
co-efficients of the common quantity, 

Ex. gth would, according to this method, be 
written as follows: 


x* —=a+b,x+ab_ 
x - | 
xXx —a+b,x* Ta 
—e x* +ac+bc.x= abc 


Xx =a+b+cx* +ab+ac+bc..x — abc 


— 


Ld 


CHAPTER V. PART I. 
OF DIVISION 


ARTICLE 86, IF the dividend be the product of 

the diviſor multiplied into any 
quantity, the quotient, which in all caſes may be 
repreſented by the notation in Art, 38 and 39, is 
that quantity, 


ab 4ax, ab+ac 
Thus, _ bs by bo 13 en or 
. 18 hs f aul b 13 3 ; 
4 4 b+c 
„ ab- ac, a* —2ab+6b* a—-bxa=—-b 
a=b, 


87. Theſe examples may be divided into three 
caſes, 

1ſt, Where both diviſor * dividend are ſimple. 

ad. Where the dividend is compound. 

3d. Where both diviſor and dividend are com- 
pound. 

88. In the firſt caſe the quotient is eaſily ob- 

tained by inſpection; for we have only to ex- 


punge the diviſor from among the factors of the 
dividend; 


| 
| 
| 
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dividend; the remaining factors form the quo- 
tient. 

If the nume ral parts of the diviſor and dividend 
be large, the numeral part of the quotient may 
not perhaps readily appear; the factors being in- 
corporated together; but the literal part of the 
quotient being determined, the numeral part may 
be had by actually dividing the coefficient of the 
dividend "4 the coefficient of the diviſor, 


Thus, © * Z does not immediately appear to be 


42 but is found to be ſo upon dividing 84 
by 6. 

89. In the ſecond caſe, each term of the di- 

vidend muſt be conſidered ſeparately, and the 
part of the quotient determined ſrom each, muſt 
be that quantity, which multiplied into the diviſor 
produces that term. 
It is evident, that in this caſe the quotient will 
conſiſt of as many terms as the dividend; and that 
from each negative term in the dividend will be 
obtained a negative term in the quotient. 

go. In order to explain the method of finding 
the quotient in the third caſe, in which both di- 
viſor and dividend are compound quantities, let 
it be required to divide @* 2b +b* by 4-5. 
placing the quantities as in diviſion of numbers, 

\ 


a—b 


DIVISION. 
a—b) a* -2ab+b* ( a-b 


a — ab 


K 


— ab + þ* 
— ab +b* 


Upon inſpection it appears, that a muſt be part 
of the quotient, ſince no other quantity multipli- 
ed into either of the terms of the diviſor can pro- 
duce a*; upon multiplying the diviſor into a, the 

product is found to be a* ab, which, ſubtracted 
from the dividend, leaves - abs“; to à there- 
fore, muſt be added ſome quantity, which, mul-- 
tiplied into a—b, produces either the whole, or 
part of this remainder : now there is no quantity 
but -b, which, when multiplied into either of 
the terms of the diviſor, can produce - ab; there- 
fore —b is another part of the quotient ; upon 
multiplying the diviſor by —b, the product is 
found to be- ab +b*, the whole remainder: ſince 
then a—b, multiplied into the diviſor, has pro- 
duced the whole of the dividend, a—b in the 
quotient, 99 85 

91. If a quantity of any kind be a multiple of 
another quantity of the ſame kind, the former 
may be divided by the latter; hence diviſion may 

take place between two negative quantities. And 
the quotient will be the ſame as the quotient of 
thoſe two quantities taken poſitively, 

K Thus, 
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Thus, — à is contained in — 44 four times, or, 
n=4g — a =4; = "= ——_ e, 


where, if the dividend (a bc) be negative, it is 
becauſe J, the diviſor, is negative, And the 
quotients of theſe negative quantities are evident- 
ly found in the ſame manner as the quotients of 
poſitive quantities, viz, by inquiring what expreſ- 
ſion multiplied into the diviſor, according to the 
general rule for multiplication, will produce the 
dividend, 

92. Between two quantities, one of which is 
poſitive, and the other negative, diviſion of the 
above kind cannot take place; for of two ſuch 
quantities, one cannot be ſaid to be greater, equal 
to, or leſs than the other, they not being of the 
ſame kind; thus, 2a is not contained any number 
of times in 4a, nor - 24 in 44; nevertheleſs ſuch 
quantities are ſubje& to algebraical diviſion, and 
that quantity, which, multiplied into the diviſor, 
produces the dividend, is called the quotient : 
hence the quotient will always, in theſe caſes, be 
a negative quantity, ſince, if the diviſor be poſi- 
tive, it muſt be a negative quantity, that, multi- 
plied into it, can produce the negative dividend ; 
and if the diviſor be negative, it muſt be a nega- 
tive quantity, that, multiplied into it, can produce 
the poſitive dividend : and it is evident that the 
operation muſt be conducted in theſe, by the ſame 
rules as ip the former caſes, - 


EXAMPLES. 
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EXAMPLES, 
Ex, POO ð⅛˙— — £5 Mg 
n 
- ab 6 
3 355 — A- 
a y-x 


In the following examples a is ſuppoſed greater 
, oO b, 


Neg. Poſ. Neg. 
jſt, c) bea (= 
—be © 
+ac 
+ ac 


Pof, Neg. Neg 


2d. c) be- 4e (- 4 
bc 
3 i 
—- ac 
Poſ. Neg. Neg. Neg, Pol. Neg. 
3d. — —b)—a Mts wind 4th, 4 (—a=b 
— 4 +ab a — ab 
— ab Tb: ee 
— ab +b* ab — 5 
— — — 
—p—— — — 
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93. In all caſes of diviſion, the quotient, in its“ 
abſolute magnitude, is the quotient of the abiolute 
magnitudes of the diviſor and dividend: if the 
diviſor and dividend be both poſitive, or both ne- 
gative, this quotient is poſitive; but it is nega- 
tive, if, of the diviſor and dividend, one be nega- 
tive, and the other poſitive, 

Let the abſolute magnitudes of the diviſor and 
dividend be A and uA, reſpectively ; 


then Ng, „or — is u: but Lee, or — or T — „is - u. 


Loet a repreſent the ſum of the poſitive terms, and b the ſum of 
the negative terms in any expreſſion ; then, by the abſolute magni- 
tude of that quantity is meant aw-b: Thus, of the quantity 3 - 7 0 
or = 4, the abfolute magnitude iS 7 = 3, or, 4. 


CHAP, 


CHAPTER V. PART II. 
aer 


ARTICLE 94, IN chap. the firſtdiviſion was defined 
the determining how many times 
the dividend contains the diviſor; under which 
idea, the dividend muſt be cither equal to, or 
ſome exact multiple of the diviſor, But this defi- 
nition was given merely with a view to the ſub- 
ſequent operation of diviſion, and is not to be 
conſidered as leading to ap adequate idea of a 
quotient, : 
95, For the purpoſes of arithmetic, and algebra, 
it is neceſſary to admit any two numbers to be 
diviſor, and dividend, and to conſider the quotient 
as that part of the dividend, which the diviſor 
expreſles, 


Thus, let à and » be any two numbers whatſo- 
ever, an, or, 5 ſignifi es the n“ part of a, and is 


called the quotient of @ divided by », becauſe it 
ſhews how many times, or parts of times, or times 
and parts of times n is contained in a, 

96, When 
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96. When a remainder appears at the end of the 
operation of diviſion, the reſulting quotient is 
not, properly ſpeaking, the quotient of the two 
numbers employed, but of the diviſor and a num- 
ber leſs than that employed as dividend, by the 
remainder, 

Thus, in ant 3. art, 24, the quotient, 10, 
is not the quotient of 83 divided by 8, but of 
(83 — 3, or) 80 divided by 8; and that remainder, 
3, ſhews that 8 is not contained any exact whole 
number of times in 83; or, that an 8th part of 
83 cannot be aſſigned in whole numbers, 

If unit be ſubdivided into parts, an eighth part 
of this number may be aſſigned; for inſtance, if 
each unit be divided into eight equal parts, the 
number 83 will contain 83 x 8 ſuch parts; there- 
fore 83 x 828, or 83, is the number of eighths of 
an unit, that muſt be taken to make up an eighth 
part of the number 83; i. e. 83 eighths of an unit 
is the quotient of 83 divided by 8; or 8 js con- 
tained in 83 (not 83 times, but) 83 . of a 
time. 

In a ſimilar manner it appears, that 8 is con- 
tained in 3 three eighths of a time; and ſince 
83 80 ＋3, an eighth part of 83 = an eighth part 
of 80 + an eighth part of 3 = 10 + an eighth part 
of 3; or 8 is contained in 83, ro times + three 
eighths of a time; and the quotient of 83 divided 


by 8, is 10 +3, or 102, (for a quotient of this 
| form 


FRACTIONS. 71 


form is uſually annexed to the whole number 
without any ſign prefixed to it). 

And in the ſame manner, in all other caſes, the 
temainder divided by the diviſor, muſt be added 
to the integral part of the quotient, in order to 
expreſs the true quotient, 


97. In general, if Þ be conſidered as expreſſing 
n 


an nn part of b, it will alſo expreſs the number of 
times, or parts of times, that n is contained in b; ' 
for becauſe 1 is contained in b, b times, , being 
1 times as great as 1, is contained in h an 1 part 
of h times. Alſo if unit be ſuppoſed divided into 


n equal parts, = will expreſs b ſuch parts, or b n* 


of an unit; for an n® part of ö, is b times as great 
as an n of 1, therefore an n® of b=b n®** of 1. 

98. All quotients whatſoever, when expreſſed 
by placing the diviſor beneath the dividend, ſe- 
parating them by a line, are called fractions; the 
dividend is called the numerator of the fraction, 
and the diviſor is called the denominator : for 
this reaſon, it ſeems, that the diviſor denominates 
into what kind of parts unit may be ſuppoſed di- 
vided, and the dividend ſhews how many of ſuch 


parts are to be taken: Thus the quotient = is 2 


fraction, whatever be the values of h and u, whoſe 
numerator is b, and denominator ; and is con- 
ceived as repreſenting b n® parts of an unit. 


99. If 
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99. If the numerator of a fraction be leſs than 

the denominator, the value of the fraction is lefs 
| v 

a+n 
not ſo many parts are taken as the unit is ſuppoſed 
divided into, and conſequently not ſo much as an 
unit is taken. Such fractions are in common 
arithmetic called proper. 

100. If the numerator be greater than the deno- 
minator, the value of the fraction is greater than 


1 as in the fractions 3, 5, N for here, more 


than 1, as in the fractions = 55 ; for here, 


parts are take than the unit is ſuppoſed divided 
into, and conſequently more than an unit is taken. 

101. If the numerator be equal to the denomina- 
tor, the value of the fraction is unity. | 


4 
caſe exactly as many parts are taken, as unit is 
ſuppoſed divided into, 

102. If the numerator be an exad multiple of 
the denominator, the value of the fraction is ſome 
whole number, —viz. that whole number which 
de nominates the multiple, 


Thus, 5 : 340 are each equal to 1; for in this 


Thus, 4 12437 233 7 =n, For if unit be di- 


vided eh b 1 þoe” and b of thoſe parts be taken 
an unit is taken; if twice as much, or 26 of them 
be taken, 2 is taken; &c, if n times as much, or 
ab of them be taken, n is taken, 

Fractions, 
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Fractions, under the deſcription of the three 
laſt articles are, in common arithmetie, called 
improper. 1 22 

103. If the numerator of a fraction be multipli- 
ed by any number, (the denominator remaining 
the ſame,) the value of the fraction is multiplied 
by that number: for if double the number of 
parts be taken, twice as much is taken; if triple 
the number, three times as much is taken, &c. 


Thus, * 14 N time's ; CET <a 


or ab u =btimes a n® or 2 x b, 


104. Cor. Hence, becauſe ab u is b times @ u, 


or a times b n®, i. e. - is - multipliedifitod;or = ; 
multiplied into a, it follows that = 22 Sx. 


105. If the denominator of a fraction be multi- 
plied by any number u, (the numerator remaining) 
the value of the fraction is divided by that number 
n, or becomes an n part of its former value: for if 
the number of parts into which unit is diyided, 
be double in one caſe what it is in the other, the 
magnitude of each part is half the magnitude of a 
part in the other caſe; if the number of parts be 
treble, the magnitude of each part is a third, and 
ſo on: Therefore if the number of parts taken in 
two caſes be the ſame, i.e. if the numerators of two 
fractions be the ſame, the value of that fraction, 
whoſe denominator is double, or triple, &c. or x 
times the denominator of the other, will be half, 
L a third 


A 
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2 third * Ke. or an 1 part, (in the reſpedtive 
caſes) of 17 value of that other fraction. 


Thus, — Jar": is a ſeventh part of — or is 
wk 4 


equal 4 75 is an 10 part of . or is Equal 


70 +. | 
papal * we 2.27 . 

166. Cor. Hehee, Verkilſe , "Is —=#, 5. im, 

it follows that Ph n= SER 8 
„ 32. HON FIN 

107. If any quantity be multiplied'and divided 
by the ſame number, », its value will not be al- 
tered; for n times an u part of any quantity is 
"equal to the whole of that quantity, 

108, Cor. Hence, and from Art. 103 and 108, it 
follows that if the numerator and denominator 
"ofa MP2! multiplied by the ſame number, its 
value will not be altered. 

109. converſely to Art. 103, if the numerator 
of a a fr action be divided by any number, the value 


of he frackion | is vided by that number, 


deer or 3 js a ſeventh part of 4 5 — 


il 


- 


Sd 24 1880. i4 


nb 
or 8 is an n® part of ny —But unleſs | the numera- 


tor be exactly equal to the dividing number, or 


to ſome multiple of it, the new numerator, which 


reſults, muſt be a fraction; for which reafon the 


methad of dividing fractions, given in Art. 105, 
is preferable. . 


110. Alſo 
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110. Alſo, converſely to Art. 105, if the deno- 
minator of a fraction be divided by any number, 
the value of the fraction will be multiplied by 
that number, | 


Thus, I, or A is 7 times 23 


_ . 
3 or is 
mn--n m 


: . a , MN 
n times — But unleſs the denominator be ex- 


. actly equal to the dividing number, or to ſome. 
multiple of it, the method in Art, tog is pre- | 
ferable, 

111. Cor, If the numerator {add denomitator of 
3 fraction be divided by the ſame quantity, its 
value will'not be altered, 

112. From Art. 108 and 111, it appears, that 
the ſame quotient may be expreſſed by innumera- 
ble different fractions: 


Ex. 235 1 4 
7 7 = 77 = Ke 


54 5 © 
113. The definition of multiplication given in 
chap. 1ſt, extends to whole numbers ouly ; but 
the word, multiplication is uſed in a more general 
ſeaſe to include all quantities whatſoever as mul- 
tipliers ; and the general definition is—* To mul- 
tiply by any quantity, is, take the multiplicand, 
as many times, or parts of times, as there are 
units, or parts of units in the multiplier,” Or, in 
other words, —* To multiply by any quantity, is 
to take that multiple, part, or parts of the multi- 
plicans, which the multiplier expreſſes,” Hence, 
L 2 if 
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if the multiplier be any fraction =, ſince in - there, 
are m n® of an unit, to multiply any quan- 


tity by 5 „ is to take m n- of that quantity, 
Ex. 4 multiplied by z . is half 4, or 2; 5 multi- 


pe the of — 
plied by —is 2 . of 55 * is m n of 5. 


114. The definition of an integral quotient,— 
viz, © That quantity, which, multiplied into the 
diviſor, produces the dividend,” will, from this 
definition of multiplication be extended to all 
| caſes of diviſion whatſoeyer ; for let the diviſor 
and dividend, whether they be whole numbers or 


not, be repreſented by —and - reſpectively; then, 
if the quotient of - divided by * Tie. if * 


contained 1 in - m nu of a time, = 7 is m n* of a 7 Le, 


by the definition of multiplication, - 57 == * =. 
115. If two fractions have the ſame denomina- 
tor, their ſum or difference is found by retaining 
the denominator, and ſubſtituting the ſum or diffe- 
rence of the numerators for a new numerator, 
For, 7 + : — « „or, two one * Sthree ge-; 


n 1 

"ods + or, two z. — one 5 one — 
m mM 

and bm - cm = b-c m 
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116, Problem 1ſt, To reduce an integral quantity 
to a fraction with a given denominator. 

* Rule, Multiply the given quantity by the pro- 
poſed denominator ; the product will be the numera- 
tor of the required fraction. 

Ex. Reduce 3 to a fradtion, whoſe denomina- 


tor is 5, 3 225 = 

Ex. 2. Reduce h to a fraction, whoſe denomi- 
bxc-d be- bd. 

c=>d cd 

The operation of the rule being to multiply 
and divide the given quantity by the ſame num- 
ber, by art. 107, its value will not be changed. 

117. An expreſſion conſiſting of an integral 


nator is c- d. b= 


quantity and a fraction, — as 9 55 or a + =» Or 


z —=, is called a mixed quantity. 


118, Problem 2d, To reduce a mixed quantity to 
a fraction, 

Rule. Reduce the integral part to a fraction, 
whoſe denominator is the denominator of the fradtional 
part, by art. 116; incorporate the reſulting fraction 
with the given fraction, by art, 11 53 ; the reſult will 
be the fraction required, 


* The truth of this rule appears in another light, by conſidering 
a whole number as a fraction, whoſe denominator is unity. For 


example : 
— = — 1 3 — Pe, 
. „ „ 
1 LP ens oe m_—_ (See art. 108,) 


Ex. 1ſt. 
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Ex, 1ſt, Reduce 7 to a fraction. 


72222 25 . 77 bert. 115.) =, 


3 Ts 8 
2d, Reduce 72. | <4 22224 . 
4.03] FEY /$-4. 3? 
8 - 2 S 21. —19 
3d. Reduce 7. = =7= = = 2, 
F 
d das ab- a dx 
4th. Reduce a + FE 93 5 — 
4b - ac ＋ d 
— 5 by 


th. Reduce 4 2. 9988 _— 


ar- b cy- ad a - cy ad 
— * = : 
6th. Reduce a=b— 2. 8 
4 


ar—bx cy—ad _ az - bz —cy—ad_az bz - cy +ad 


z ＋ 18 * T 


119. Problem 3d. To reduce a fraction (where 


poſſible ) to an integral, or mixed quanity. 
Rule. Divide the numerator by the denominator, 
re mainder 
denominator 


will le the value of the given fraction in the required 


and the integral part of the quotient + —— 


e 
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120. A fraction, whoſe numerator and denomi- 
nator have a common meaſure, (or number, Which 
divides each of them without a remainder/) greater 
than unity, may be reduced to an equivalent frac- 
tion in lower terms, by dividing both the nume- 
rator and denominator by this common meafure. 
(See art. 111.) 


Thus, — —= may be reduced to 2 by dividing 


both the — and denominator by 3, and 
2 may be reduced to 8 by dividing its numera- 
tor and denominator by 3. | 
In te lame manner: S may be reduced to 3 6 Which 

may be reduced to | = And the greater the 


common meaſure, which is employed, the leſs will 
| be the terms of the reſulting. fraction; if the 
' greateſt common meaſure, which the terms admit 
of, be employed, the fraction will be reduced to 
Yom: loweſt terms, 
121. Problem 4th. To find the greateſt common 
meaſure of two numbers, 
Rule. Divide the greater number by the hs, t the 
leſt by the remainder, that remainder by the new re- 
" mainder, and ſo on, continually dividing the preceding 
 divifor by the remainder till nothing remain, and the 
laſt "diviſor will be the greateſt common meaſure of 
the given numbers. 


Let 
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Let à and ö be the two numbers, and let @ con- 
tain þ, p times, with a remainder c; 5) a 


let b contain c, q times, with a re- c)b\ (9 
mainder d; let c contain d, r times, a) c (r 
with a remainder e; and ſo on, till e) d (s 


nothing remain, — the laſt diviſor will 
be the greateſt common meaſure of @ and 5. 

To demonſtrate this, it muſt be obſerved, 

iſt, That if one quantity meaſure ther, it 

will meaſure any multiple of that other; for, if 
z be contained in a, times, it will be contained 
in ac. nc times. 

2d, That if a quantity meaſure two others, it 
will meaſure their ſum and their difference; for 
if x be contained in a, n times, and in b, u times, 
it will be contained in a+b, m+n times; and in 
a<b, mn times, Now in the operation above, 
if e be the laſt diviſor, e meaſures d, being con- 
tained in it exactly times; therefore (by Obſ. 1ſt.) 
e meaſures rd; therefore (by Obſ. ad.) it meaſures 
rd+e, or c;* therefore it meaſures qc; therefore 
it meaſures. 9 t, or 6b; therefore it meaſures 
pb, and pb+c, or a, 
e then is found to be a common meaſure of a and b; 
it is alſo their greateſt common meaſure; for'what- 
ever quantity meaſures @ and ö, muſt meaſure 
a—pb, orc; therefore,it muſt meaſure gc and c 
or 4; therefore it muſt meaſure rd, and e—rd or e; 

* A divicend always is equal to the integral quotient X the der, 


together with the remainder, 
a quan- 
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a quantity, therefore, greater than e, as eu, if 
it could meaſure a and b, muſt meaſure e, which 
is abſurd; therefore e is the greateſt common 
meaſure, It is evident that the demonſtration 
does not at all depend on the number of diviſions. 
b might have b&n ſuppoſed the laſt diviſor, or c, 

or d, or any remainder after the diviſion by e. 
Ex. To find the greateſt common meaſure of 

189 and 124. 
189) 1204 (6 | 
1134 | 
70 ) 189 (2 
140 


49) 70 (1 
"1M 1 
21 ( 49 (2 ) | 

42 ' 


7)21 (3 
21 


— 


By proceeding according to the rule, 7 is found 
to be the greateſt common meaſure of the given 
numbers, 189 and 1204. 


; * Each divifor will neceſſarily be leſs than the preceding by unity- | 
at leaſt ; therefore the operation will always come to a concluſion z 
for after ſome number of diviſions, (unleſs the operation terminate 
ſooner) the remainder will be 1, in which caſe the operation will 
conclude with the next divifion ; fince whatever gumber it be, that 
is divided by 1, there can be no remainder. : 
M Hence, 
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Hence, 289 reduced to its loweſt terms, i is 
1204 


1 


The W common meaſure of 45 and 63, af. 
ter the ſame manner is found to be 9; therefore 


reduced to its loweſt terms is 45-9 _ 1 
63 8 


122. Problem 5th. To find the greateſt common 
meaſure of three quantities, a, b, and c. 


Rule. Find the greateſt common meaſure (m) of 


any two, as of a and b: and alſo the greateſt common 
meaſure (n) of either of theſe tuo, and of the third, 
as of b and c; the greateſt common meaſure of m and 
n is the greateſt common meaſure of a, h, and c, 


For in the demonſtration of the laſt article, it 
appears, that every common meaſure of à and b is 
a meaſure of ; and that every common meaſure 
of b and c is a meaſure of n; therefore every com- 
mon meaſure of a, ö, and c, being a meaſure of , 
becauſe a common meaſure of à and b, and a mea- 


ſure of n, becauſe a-common meaſure of b and c, 


muſt be a common meaſure of and ; therefore 
the greateſt common meaſure of a, b, and c is a 
common meaſure of M anden: again, by the ſame 
article it appears, that every meaſure of m, is a 
common meaſure of a and b, and every — of 
1, A common meaſure of b and e; therefore every 
common meaſure of m ande muſt muſt be a com- 


5 mon 


. 


a 
t 
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mon meaſure of a, b, and c ; therefore the greateſt 
common meaſure of -2 and is a common meafure: 
of a, b, and c; ſince then the greateſt common 
meaſure of a, b, and-c muſt be one of the common 


meaſures of m and n, and that the greateſt com- 


mon meaſure of m and is a common meaſure of 
a, ö, and c, it follows that the greateſt common 
meaſure of m and muſt be the greateſt common 
meaſure of a, b, and c. 3 * 

123. Problem 6th, To find the greateſt common 
meaſure of four quantitjes, a, b, c, and d, 


Rule, Find the greateſt common meaſure (m ) of 
any two of them, and the greateſt common meaſure 
(n) of the other two, The greateſt common meaſure 
of m and n is the greateſt common meaſure required, : 


124. If there be any even number of quantities 
and m be the greateſt common meaſure of two of 
them; n, of any other two; /, of any other two z 
&c, the greateſt common meaſure of , n, /, &c; 
will be the greateſt common meaſure of the. given 
quantities, 


125. If there be any odd number of quantities, 
and m be the greateſt common meaſure of two of 
them; = of other two; &c. and f of the re- 
maining odd one, and any one. of the others, the 
greateſt common meaſure of m, n, &c, and t will 

M 2 be 
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be the greateſt common meaſure of the given 
quantities. 

The demonſtration of the three laſt articles is 
exactly ſimilar to that of art. 122. 


126. Problem 7th, To reduce fractions to others 
of equal value, having a common denominator, 


Rule. Take for new numerators, the product of the 
numerator of each fraction, multiplied into the deno- 
minators of all the reſt; and the product of all the 
denominators, for a common denominator, © 


Ex. Reduce 1 - and 4 to fractions with a 


13-4 2:24 3+ 2.3 
eommon denominator, and 
. : 2.3. 4 3+ 2.4 2.4 4+ 2.3 
= — 16 and = are the fractions required, 
24 24 | 


Ex. 2. Reduce + » 7 5, and to fractions with a 


adn b 5 
common denominator, Ar ro an — 


are the fractions required. 


Ex. 3. Reduce = and 35 to fractions with 2 
common denominator, 3 ==<>. |= and 3 
. 2 


duced to a common denominator, are 5 md = 


Ex, 4th, 


: FRACTIONS, Mo 


Ex. 4th. Reduce a, 7 and - to | fraftiong 
with a common denominator, 


—— | 
a bz cx _ @xc-dxd 1xbxxd 
—3 — cs — c_—_—— 
1 4 4 4 txe=dxd * C dx d 


and ASST reſpectively, = 


Ixc=dxd 
acd —ad* bd c Xx edn 
—— — 15 d ly. 
8 and . ively 


By the operation of the rule, the numerator 
and denominator of each fraction are multiplied ' 
into the ſame quantity ; therefore by art. 108, the 
values of the fractions will not be changed. : 


127. Fractions may be reduced to a common 
numerator, by taking for new denominators, the 
denominator of each fraction, multiplied into the 
numerators of all the other fra&ions, and the pro- 


duct of all the numerators for a common nume- 
rator, 


a ace ace 
Thus, 7 =, and + are equal to, 7 dap 92 nd 

ace R 

72 reſpectively. 


128. If, of certain fractions, 3 75 =, ger b, b.the 


greateſt denominator, be ſome multiple of each of 
the 
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the other denominators, as the m multiple of d, 
the u multiple of 5, &c. l. e. if b = md = nf = hs, 
the fractions may be reduced to a'common deno- 
minator, b, by multiplying the terms of the frac- 


tions — into m, the terms of the fraction into n, 


&c. for they will thus become - 7 = — &c. or 


7 
7 


2 i 
Ex. 1. Reduce —and — to a common denomi- 
3 


nator, 12 = 3x 4; therefore the fractions are 
"ab EE 2. 42 


Ex. 2. Reduce a * to fractions with a 
MI 4 . | 


eommon denominator, mx = xm: ente 
mad 


ab 
the fractions are — and — 
mer mai 


129. Ifa common factor, or common factors be found 
in two or more of the denominators, the fractions 
may be reduced to a common denominator, by 
taking, for this common denominator, the product 
of all the different factors, that are to be found 
among the denominators, and multiplying the nu- 
merator of each fraction by the product of the 
{ame factors, as were introduced into its denomi- 
nator, in order to reduce it to the common deno- 


minator, 


Note. 


I 


Note. If the ſame factor be repeated in any de- 
nominator, it muſt be as often repeated in the 
common denominator. | 


Ex. 1. Z and L, or Z and = may be reduced 
T2 3-4 


to a common denominator, 3. 4. 5. by multiplying 
the terms of the former fraction by 3, and the 
terms of the latter by 5: For ſo they become 


7X3. and =» = and + reſpectively. 


20 ͤ„ 3 125 60 60 
Ex. 2. ES 255 and LF may be reduced to a 
mn un mM 


common denominator, mn, by multiplying the 


3 . 
terms of into , and the terms of — into x: for 
n 


ſo the fractions become _ ; = and — reſpective- 


1 


6 z 
6 2 
_ 3. * aye and — may be reduced to 
a common denominator, dy*c*e, by multiplying 
a* xz* s 


into c*e, and the terms of 8 
dy * c- 


into e, and the terms of — into dy*c: For ſo they 


the terms of 


r dy*c « | 
be — ns — — — ———— = 
come SD > and ee reſpec 
tively, 


The uſe of the two laſt articles is to obtain 


lower terms than what would reſult from the 


rule in art, 126, 
130. Problem 


| 
| 
| 
| 
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130. Problem 8th, To reduce two or more frattions 
to a common denomination in the loweſt terms. 


Rule. Reduce the fractiont to a common denomina- 
tor by art. 126, and divide the terms of the reduced 
fractions by the greateſt common meaſure of this de- 
nominator and all the unmerators. 


For, if the fractions, when redueed to a common 


denominator, be 3 Þ Þ &c. the terms muſt be | 


divided by ſome common meaſure of a, b, c, d, &c. 
in order that the reſulting fractions may be equal 
to the former reſpectively, and alſo have a com- 
mon denominator: any cortimon meaſure of a, b, 
e, d, &c, will produce fractions of ſuch a deſcrip- 
tion, and the greateſt common meaſure will pro- 
duce them in the leaſt poſſible terms, 


Ex. Reduce 75 and 4 to fractions in the loweſt 


terms with a common denominator. 


77 and g are reduced N 126, 0 5 


| and 965 
and 84 is 4; therefore the required fractions are 


The greateſt common meaſure of 8, 96, 


21 


— d 2 ö A: 142. 
2 9624 7 
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* 
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ADDITION OF FRACTIONS, 


131. Rule. fractions have a common denomina- 
tor, take the ſum of the numerators and ſubjoin the 
common denominator, (Art. 115.) 


* — — —— —— —— , ¶ . 2 — 
- 
= — 
— * * — — 


4228 4 c -d __a+c—-d 1 
Tf the fractions have not a common denominator, 
firſt reduce them jo others that have, and then pro- 
ceed as above, 


c ad bc __ad+bc 


r 


Ex. 3d. ' 1 37 L =1945 =224 5 —25' 
7 14 7 14 14 14 14 


Ex. 5th, 2 + +* <4 4*4$3X=13> * 
8. % „ US 12.1 1 | 


N SUBTRACTION 


FRACTIONS, 


SUBTRACTION OF FRACTIONS. 


132. Rule. VH the fractions have a common de no- 
minator, ſubtract the numerator of the ſubtrahend 
from the numerator of the minuend, for a new nume- 
rator, and ſubjoin the common denominator, 


— 4 
„„ cm 
„ "FRE I. 
2 cd a-c+d Indo. 
cc b —— bh * 2 5 . 
1221 1 
3 3 


I the fractions have not a common denominator, 
firſt reduce them to others that have, and then pro- 
ceed as above, 


a 
20 20 
5 
20 20 
1 c<—bd _ ad-cb—-bdq 
_ bd 
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MULTIPLICATION OF FRACTIONS, 

133. Any quantity is multiplied by a fraction, 
by multiplying it into the numerator, and divid- 
ing it by the denominator, 


For, let the quantity be c, and the multiplier 


m 3 . 
7 One n® of c is -; therefore m2 n® of c, or, 
n 
| * . * . * m | * 
(by the definition of multiplication) c x 75 is 


. C cm 
m times =, = (art, 103.) == 


a 


Nes 7 c multiplied by = = - multiplied by 


Mm FY a 1 a 5 am 
„ TAX ME (art, 105.) FX mt (art, 103-5, 


Hence the following 


134. Rule. For Multiplication of Fractions. 

Multiply the numerators together ſor a new nu- 
merator, and the denominators together for à neu de- 
uominator, 


- 2 2.6 a c- d adac uad 
ö — 
„ 2 3&2 Bo 
5 I 5 ,- i& C 


5 
N 2 135. Hence 
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135. Hence the property, which was proved of 
integral factors in art. 70, obtains alſo in fractional 
factors, — viz. that the multiplicand & multiplier= 


, multiplier x multiplicand, 
For it appears by the above, that multiplied 


e „aue ex#-- 
and that < 7 multiplied by < 5 18 —— — 


nd ms 

axc 

bg * 

136. Cor, If the product of two quantities be 
divided by a third, the reſult is the ſame, as if 
either of the factors had been divided by that 
third quantity, and the quotlent multiplied into 
the other factor, 


For = which is mc divided by n, == x c, which 
. aA : 


is the quotient of » divided by u, multiplied 
into c, 


137- The general rule for multiplication in 
art. 84, may be extended to fractional expreſſions, 

For the product reſulting, in any caſe from the 
application of that rule, if it be reduced to a 
ſingle fraction, will evidently be found the ſame 
as the product R when the multiplier and 
multiplicand, having been firſt reduced to ſingle 
fractions, are multiplied together, according to 


the rule in art. 134. > 
Ex, 1ſt, 
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1 * 
Ex. iſt. I 2 Fa — 7. (art. 129.) 
ac d - bce 
_ 
ad - ch ad - cb e 
For, 2 — (art. 132.) Fa” d 7a 
ade - cbe 
is, by article 134, a. 
2 4 ca car cda* 
Ex, 2d, nee OY * ay 


acty — ca? — cdxy + cda* the product of 2 42 
ay . * 


—cd 
multiplied into <<< 


determined by art. 134. 


2 Ex. 3d. — LS. ALI 


b c c 
an 6a*'z* , Car 92. 
be be be bc 


| = . 1 44 — 9a 
W be 


= =— a* CERES 


DIVISION 


_— 
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DIVISION OF FRACTIONS. 


138. Any quantity c is divided by a fraction - 
by multiplying it into the denominator, and di- 


viding it by the numerator.“ 


For m is contained in c an m® of c times; there- 
m * . 2 bd 
fore — (which, being only an »® of m, is contained 

n 
in c, n times as often as m is) is contained in c, 


n times an m of c times, i. e. quotient of e divided 


— 


/ . 
[ 


/ 
* 
Fd 


ths 


S If unit be divided into - parts, i. e. if n n of a part con- 


ſtitute an unit, m parts will conſtitute = units, and one part will 


conſtitute an m of n units, therefore b parts will conſtitute b anche 


of n units, or 2 x n units; therefore Wn b * 2. 


"HE 
4 ” 
pe” 1 m ," bn * b 
Now if the quotient of b divided by 2. be = the quotient of 7 
n m 


(which is only a h part of 6) divided by the ſame quantity, - 
th „ 7 
4 t 2 , ON = = ... — . 
* be a part o 5 242 = 


by 
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Mm, . 4 EO 
by —isn times an * of c, or n times, = = (art. 
m 


Aliter. Let 7 x and == y; then multiplying 


by b, a = bz, and multiplying by n, m = ny ; alſo 


bx x 
an = nbx and bm = nby; . — art. 111. 
7 . 


a : Ub n 
S c, it becomes c = = cx —, 
b „1 


Hence the following | 2 | 


Rule for Diviſion of Fractions. Multiply by the 
inverted diviſor, 


wi >3=* :t=8 
3 4 3 3 9 
: „ E _&T 
2 s d % 
. 
3. F 
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* _ Ba be 5c 
— bd 


* a "9a nac erat — 8 
E aa 3 
140. Unity divided by any . is called 

the * of that quantity. 


Thus, - is the reciprocal of a. 
a 


I " Tn b 
Tor (art. 139.) 1 x 7231 the reciprocal of 2 
- 


— 


— 


= (art. 139. 


de red SLE 1 
The reciprocal of 17 og 

1 = 1 
gs ar? — (art. 110.074 X BE = wn 
141. Cor. The reciprocal of any quantity, is 


that quantity with its numerator and denomina- 
for inverted, 


: * | * a . h . f 
For, - 18 a, or =, inverted. mo 1S wo inverted, 


S . 8 
— Cz © is inverted 
t =; 


142. Cor. 2. If m be the reciprocal of 5 5 is the 
reciprocal of m. 


143. Cor. 3. Diviſion is multiplication by the 


reciprocal. 


3 1 "WY "oy OM. | 
For N is Mx —, hat Pu Py Wo 
| 1 b b c 


144- 
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144. Cor, 4. Multiplicatiop is diviſion by the 
reciprocal, 


a . 
For 5 4 1 : 7 

145. Any fraction may be conſidered as ariſing 
entirely from the multiplication of factars. N 


Thus „e 5x 1 


def 
duct of the factors a, þ, c, - 7 7 L and 7. 

146. The n of any expreſſion obtained by 
multiplication, or by diviſion, or by both, is not 
affected by the order, in which the multiplicatiop 
and diviſion be carried on. 


abc a, b c 
— * — abe Ir — — 
* 7 7 7 c FIT el A 
— 1 pre . — 
= 7 = 7 a def x be = &c, 


In the operation of diviſion, when the diviſor is 
the product of factors, we may divide by the fac- 
tors ſucceſſively, 


Thus, in dividing 210 by 35, becauſe 35=5 * 7. 
we may firſt divide by 7, and then divide the quo- 
tient (30) by 5. The laſt quotient, which! is 8 18 
the quotient required. 


For —— 24 9 of 4 
A 


O SczxoLIUN. 
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147. Becauſe any negative quantity, - a, divided 
by a poſitive quantity, b, gives the ſame quotient 
as +a, divided by —b, viz. the ſame quotient, 
in abſolute magnitude, as +@ divided by +6, but 
with a negative ſign, and becauſe a fraction repre- 
ſents the quotient reſulting from the diviſion of the 
numerator by the denominator, it is indifferent, 
in caſes where either the numerator or denomj- 
nator of a fraction is negative, whether the nega-: 
tive ſign be prefixed to the numerator, or to the 
denominator, or to the whole fraction. 

Thus, — 25 — and — 2 Are equivalent ex- 
preſſions ; ; being each . to — 5. 


Note. The negative ſign is, in theſe caſes, 
uſually prefixed to the whole fraction. 


If the ſign of the numerator, or of the denomi- 
nator, be changed, the ſign of the quotient is 
changed, If the ſign of both numerator and de- 
nominator be changed, the ſign of the quotient 
remains unaltered, Hence, if we change the ſign 
of the numerator, or of the denominator, and wiſh 
to preſerve the value of the fraction, we muſt 
change the ſign, that is prefixed (or underſtood to 
be prefixed) to the whole of the fraction, ĩrto the 
contrary ſign, 


Ex, 
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Er. 5(r +5) . = 
3 === === (or +—) 


— (which is poſitive, if x* be greater than 


', but negative, if y* be greater than &) 


r | 
r a 8 my” | 


OF DECIMAL FRACTIONS, 


148. The variety of denominators in the arith- 
metic of vulgar fractions, renders it tedious and 
troubleſome : for when numbers are divided into 
different kinds of parts, they cannot be eaſily 
compared, 

This conſideration gave riſe to the invention 
of decimal fractions, in which the unit is divided 
into like parts, and the diviſions, and ſubdiviſions 
are regulated by the ſame ſcale, as is uſed in the 
arithmetic of integers, | 


149. Decimal fractions are thoſe, whoſe deno- 
minators are 1o, or ſome “ power of 10; as 100, 
1000, 10000, &. 

Theſe denominators are not expreſſed, but im- 
plied by a point or comma prefixed to the left 
hand of the number; the denominator being al- 
ways underſtood to conſiſt of unity, with as many 
cyphers, as there are figures after the decimal 
point ; if therefore the number of places in the 
numerator be leſs than the number of cyphersin the 
intended denominator, as many cyphers are inter- 
poſed between the numerator and the decimal 
point, as may be neceſſary to complete that num- 


ber, 7 


5 For definition of powers, ſee firſt art, in ch, on Involution. 
Thus, 
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Thus, S is written. 3; 2 ＋— is written 2.35 


— | 21 it &c/ 
3 tten 33 2+ ros written 2.033 &c, 


"Fo 1 . 4 

4 1s Written . 243 — is written . 024; 
100 1 1000 J 

5 * 105 is written 5.24; kee. &c, , 


150, In any decimal expreſſion, the firſt figure 
after the point may be conſidered as expreſſing ſo 


many tenths; the ſecond figure, as expreſſing ſo 


many hundredths; the third figure, as expreſſing 
ſo many thouſandths; and ſo on, 


Ex. 23546, which ſignifies 23546, if the nu- 


merator be divided into its component parts, be- 
comes : 
20000 11 40 6 


100000 * 100000 100000 * 100000 * 100000 


io 3 
= (art. 111, and obſ. 3, art. 24.) —+ 100 1055 
4 6 


4 —, er, 2 10% +3 100 +5 r000" 


- 
10000 100000 


+4 1000 +6 100000", 


Ex. 2. . 037, Which ſignifies Ez, is equal to 


— . — — 


1009 Ic00 1000 100 1055 


151. Cor. 
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151. Cor. 1. Hence, as in integers, ſo alſo in 
decimals, the value of any figure is decreaſed ten 
fold by being removed one place to the right, 
And as the value of any figure in the firſt place of 
decimals is a 10" part of the value of the ſame 
figure in the place of units, it follows, that in any 
expreſſion conſiſting of a whole number with a 
decimal annexed, the value of each figure, from 
the higheſt place of integers, to the loweſt place 
of decimals, is regulated by the ſame ſcale; which 
renders theſe fractions peculiarly convenient for 
the operations of arithmetic, 


I 52, Cor. 2. The addition of cyphers to the 
right hand of a decimal does not alter its value, 


For as many cyphers as are added to the nume- 
rator, ſo many more places does it conſiſt of; 
therefore ſo many more cyphers are added to the 
denominator; now the addition of the ſame num- 
ber of cyphers to the numerator and denominator 
of a fraction does not alter its value, 


2 22 20 
Thus, 25 20, 200, &c, ON, —, —— & = 


to” foo? 1000! 
are all equal to each other, — 


153. Cor. 3. If the decimal point be removed 
one place to the left, the number is divided by 
to; if it be removed two places, the number is 
divided by 100; &c, And converſely if the de- 
cimal point be removed one place to the right, 

the 
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the number is multiplied by 10; if it be removed 
two places, the number is multiplied by 100; &. 


For, if the decimal point be removed one place 
fo the left, the figure which did repreſent units 
will become 10 the figure which did repreſent 
tens, will become units; &c.; the figure which 
did repreſent io, will become 100%; &c. i. e. 
every part of the given number will be divided 
by 10; therefore the whole given number will 
be divided by 10. And in the ſame manner it 
may be ſhewn, that if the decimal point be re- 


moved two places to the left, the number will be 


divided by 100, and ſo on. And that if the deci- 
mal point be removed to the right, 1, 2, 3, &c. 
places, the number will be multiplied by 10, 100, 
1000, &c, in the reſpective caſes, 


Ex, Let the given number be 37.092, or (placing 
cyphers indefinitely to the right and left) &c. 
00037.092000, &c. 

Then 3.7092 = 37.092 ＋ 10; o. 37092 37. 2 ＋ loo; 
o. 37092 237. oz too; &c. | 

370.92 = 37092 10; 3709.2 = 37.092 x 100 
$7092.0 = 37.092 x 10005 370920,.0 = 37,092 x 
1000; &c. | | 


154. Cor, 4. Hence, if from any decimal, or 
integral number, and decimal annexed, the deci- 


mal point be taken away, the number is multipli- 


ed by the denominator of the decimal 
Ex. 1ſt, 


\ 
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Ex. 1ſt, If from 2.5 the decimal pointibe taken 
Away, it becomes 25=2.5-x-10, 


Ex. 2d. If from 3.01 the decimal point be ta- 
ken —_ it becomes 301=3:01 x 100. 


155, Cor. 5. Hence, any mixed number, con- 
ſiſting of an integral number and a decimal, is 
equal to a fraction whoſe denominator is the de- 
nominator of the decimal, and whoſe numerator 
conſiſts of all the figures of the given mixed num- 
ber. 


Thus, $5= = 3 $97= = 


"Por by the laſt art. it appears, -that the ſubtrac- 
tion of the decimal point multiplies the number 
by the denominator of the decimal; therefore to 
reduce the number to its former value, it muſt be 
divided by the denominator. 


156. Cor. 6. ['Decimals may be reduced to a 
common denominator, by adding cyphers to the 
.right (where neceſſary) till the number of decimal 
places be the ſame in all, 


Ex. 5, 77. 004, and .2354, reduced to a 
common denominator, are . 5000, .7700, . oo4o, 
and. 2354 reſpectively. 


4 * 


ADDITION 


DECIMAL FRACTIONS, 105 


ADDITION OF DECIMALS, 


157, Rule, Place the given numbers, tenths under 
tenths, hundredths under hundredths, &c. units under 
units, tens under tens, & c. and proceed as in addition 
of integers ; carrying one for every ten in the ſum of 
any row, towards the ſum of the next; and ſetting 
down the exceſs above ten or tens for a figure of the 
fame claſs as the row from which it was obtained, 


EXAMPLES. 
1 90 2d, 88 
1 -706 
. men 954 
Sum 1.35 | 
— Sum 2.540 
3d. 74-369 4th. 11.05 
2.711 N 2.65 
170 6.3 
Sum 77.080 
—— Sum 20. oo 


Ten in any place of decimals, or integers, being 
to one in the next higher place, the reaſon 
of the rule is manifeſt. 


P The i 


1 
| 
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The decimal cyphers on the right hand of all 
the ſignificant figures in the ſum obtained may be 
omitted, N 

Thus, in Ex. 2d, 3d, and 4th, the ſums might 
have been written 


2.54, 77-08, and 20 reſpectively. 


SUBTRACTION OF DECIMALS. 


158. Rule. Place the ſubtrahend under the minu- 
end, tenths under tenths, & c. as in addition; and 
proceed as in ſubtraction of integers ; making each 
figure of the remainder of the ſame rank as the figures 


f the ſubtrahend and minuend from which it was 


obtained, 
— 2, 3-15 1.2 
34 1.25 4 
38 1.9 74 


The fame reaſoning as was uſed in ſubtraction 
of integers, applies here, 10 in any place being 
equal to 1 of the next ſuperior claſs. 


MULTIPLICATION OF DECIMALS,, 


159. Rule. Multiply the numbers together, (whe- 
ther they be pure decimals, or integers with decimals 
annexed) 
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anne red] as if there were no decimal point; and 
point off as many places of the produd for decimals, 
as there are decimal places in both factors together. 
If there be not ſo many places in the product, complete 
the number by prefizing cyphers to the left. 


Ex, 1ſt, Multiply 1.37 and 1.8 together. 


1.37 * 
1.8 


1096 
137 


Product 2.466 


For 1.37 = 105 and 1.8 = 15 


Now, 22 , 18 =432=18 _ 2466 which, by 


100 10 1000 1000 
decimal notation, is 2.466. 


Ex. 2d. Multiply . 016 and 12 5 together; 


125 
016 


750 
125 


Product 2.000 


6 2 | 
I 16 124 — 2000 


For ,016 = ; and * 125 = —— 
; 1000 1000 1900 


Y — 2.000 Or 2. ” 
; P 2 In 


| 
| 
| 
| 


108 DECIMAL FRACTIONS. 


In general, if in the multiplier there be n, and 
in the multiplicand there be »: decimal places, the 
multiplier is equal to that integral number, which 
reſults from taking away the decimal point, di- 
vided by 1 with » cyphers; and the multiplicand 
is equal to that integral number, which reſults from 
taking away the deeimal point, divided by 1 with 
m cyphers; therefore the product cf the factors 

the product of theſe integ;al numbers 

1 with n cyphers x 1 with mz cyphers 
Product of the integral numbers 8 
— — ; Which is, 
1 with mn cyphers 

(by decimal notation) the product of the integral 
numbers, having m+1n places pointed off for deci- 
mals, 


160. Problem. To reduce a vulgar fraction to a 
decimal. 


Rule, Add cyphers at pleaſure. to the right hand 
of the numerator, divide by the denominator, and cut 
off from the quotient as many places for decimals, as 
cyphers were added to the numerator, 


Ex. 1ſt, nn 


Ex. 2d. 122 22. 10 2 24 10 S 2.4. 
5 5 


If there be not ſo many places in the quotient, 
complete the number by prefixing OO to the 


lef® 


Bn. 2d, 
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+ 3Q, = . wy = 4 IOO =. 

Ex. 3d 2 — 100 4 10 04. 

General demonſtration, If n cyphers be annexed 
to the numerator, the value ef the fraction is 
multiplied by 1 with cyphers. This increaſed 
value, when obtained by actual diviſion, muſt 
therefore be divided by 1 with » cyphers; i. e. 
(by decimal notation) u places muſt be pointed off 


for decimals. 


Obſervation, Whatſoever number of cyphers be 
added, the valuę of the reſult will be the ſame, 


Thus, in the 1ſt example, if the numerator had 
been multiplied by 1000, inſtead of 100, the anſwer 
would have come out . 750, which is equal to 75. 
But the moſt convenient method for practice is, 
not to add cyphers, ſo long as the diviſion can be 
carried on without them, and afterwards only as 
the operation may require them, All the figures 
of the quotient, which can be obtained without 
the addition of cyphers, will be integers; the de- 
cimal point being then put down, the next ſigni- 
ficant figure muſt, be the 1ſt, 2d, or lower place of 
decimals, according as it may be neceſſary to add 
one, two, or morecyphers to the remainder, in order 
to obtain it; and in like manner all the ſucceeding 
figures of the quotient are to be determined, as 
if each cypher annexed was taken down from a 
dividend, And when there is no remainder, the 
operation ceaſes. | IO 

* 7 | Ex, 1ſt, 


710 


Ex. 1ſt, 


Ex. 2d. 
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Reduce 5 to a decimal. 


16) 161 ( 10,0625 
I 


Reduce 100 decimal. 
025 


625) 4000 (. 0064 
3750 


2500 
2500 


— — ä — 


Ex. zd. Reduce 7 to a decimal. 


3) 22 ( 7.333 &c. 


Ex, 4th. Reduce : to a decimal, 


7) 30 ( .4285714285714 &c. 


Ex. 25th 


ö 
J 
. 
/ 
7 
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Ex, 5th. Reduce — to a decimal, 
11 ) 1,00 (. ogogog &c, 


161, In many caſes, as in the three laſt examples, 
the vulgar fraction cannot be reduced to a frac- 
tion with a decimal denominator; or, the value 
of the fraction cannot be exactly made up of inte- 
gers, 10, 100, &c. but the decimal part will 
go on as far as we pleaſe to continue the opera- 
tion; the ſame figure or figures recurring, and in 
the ſame order; and it is evident, that as ſoon as 
a dividual ariſes which has occurred before, the 
repetition will begin, Now ſuch dividual will 
neceſſarily ariſe, unleſs the operation terminate; 
becauſe the remainders never being ſo great as the 
diviſor, the whole number of remainders poſſible, 
cannot amount to a number equal to the diviſor. 

Theſe interminate decimals, with, recurring 
figures, are called recurring or circulating deci- 
mals, . 


DIVISION OF DECIMALS. 


* 


162, Rule, Conſi der the diviſor and dividend os 
whole numbers forming a vulgar frattion, of which 
find the decimal quotient by art. 160; remove the 
decimal point of this quotient as many places to the 
left, as there were decimal places in the dividend 
more than in the diviſor, or as many places to the 

right 
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right as there were degimal places in the diviſor more 
than in the dividend, i, e. in the former caſe d vide, 
and in the latter caſe multiply this quotient by unity 
with a number of cyphers annexed, equal to the dif- 
ference of the number of decimal places in the diviſor, 
end the number of decimal places in the dividend, 
Ex. 1ſt, Divide 320.04 by 6.4. 
32004 
64 
500.0625; . the quotient required is 50,00625, 
For, ſince 32004 ＋ 64 = 500.0625, 32004 + t 
= 5000.625, (where the decimal point is removed 
one place to the right) becauſe 6.4 is but a 10*part 
of 64. And becauſe 320.04 is but an 100% part of 
32004, 320.04 = 6.4 will be but an 100" part of 
32004 = 6.4, i. e. will be equal to an 100 part of 
4000.625, or equal to 50. 00625 (the decimal point 
being removed two places to the left); and the 
decimal point is at laſt found removed from the 
place determined by the reduction of the fraction 


reduced according to art. 160, is 


— = — 
— —— 
—— — 3- — — 


— . 
— 


— 


— . — — — 
— 


— — — —— 


_—— - - 


— 

* — — ——— 

— — — d——7 — —„—᷑—— — R — 
— N = — 


—.— , as many places to the left as there are de- 
4 
cimal places in 320.04 more than in 6.4. 


= 3, or 3.000 &c.; therefore 36 diiyded by 
I2 


ola, which is but a 1000" part of 12, is 3000.0 &c. 
or 3000; the decimal point being removed three 


places to the right. h 
Ce nera 
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General demonſtration, If the dividend have n 
decimal places, and the diviſor have n, the divi- 
dend is equal to that integral number, which re- 
ſults from taking away the decimal point, divided 
by 1 with cyphers; and the diviſor is equal to 
its integral number divided by 1 with = cyphers; 
dividend _ 
diviſor | 

aroidend integral ＋ T with m cyphers 
diviſor integral + 1 with n cyphers f 
divided integral I with n cyphers , 
diviſor == ® I withm cyphers? oy 
dividend integral 
diviſor integral 


therefore 


be greater than , is equal to 


+ 1 with m cyphers; but if n be greater than 
dividend integral — — 
"rotor in fegral x Iwithn—mMcyphers, 
i. e. the decimal point muſt be removed from the 
place, determined by the reduction of the fraction, 


dividend integra? mn places to the left or right, 
diviſor integral | 
in the reſpective caſes, 
Q CHAP, 


m, is equal to 


The claſs of each figure of a quotient may be determined by 
conſidering in what claſſes the diviſor and dividend ſtand, i. e. what 
claſſes their loweſt figures ſtand in, If they ſtand in the ſame claſs, 
the quotient figure muſt be in the claſs of units, If the dividual 
ſtand one, or two, or more claſſes higher than the diviſor, the quo- 
tient figure muſt be the claſs of tens; in the claſs of hundreds; &c. 


in the reſpective caſes, If the dividual ſtand one, or two, or more 
; claſſes 


\ 


CHAPTER V. PART III. 


OF DIVISION, 


ARTICLE 163, A S quotients cannot always be 

expreſſed in integral terms, it 
was impoſſible to exhibit an accurate and complete 
view of the nature of diviſion, without intro- 
ducing the principles of fractions; on which ac- 
count it became neceſſary to confine the obſerva- 


claſſes lower than the diviſor, the quotient figure muſt be ia the 
elaſs of tenths; in the claſs of hundreds; &c. in the reſpeQive caſes. 

For example, Firſt, Let it be required to divide 3.027 by 2.5. 
Here the dividual, 3.0, or zo tenths, and the diviſor, 25 tenths, 
both ſtand in the ſame claſs z therefore the value of the quotient 
figure muſt be the ſame as the value of the quotient figure of zo di- 
vided by 25, or in the claſs of units, 

Secondly, Let it be required to divide 3.027 by. 23. Here the 
dividual ſtands in the claſs of tenths, and the diviſor in the claſs of 
hundredths ; therefore the value of the quotient figure muſt be ten 
times the value of the quotient figure of 30 divided by 23, or in the 
claſs of tens. | 

Thirdly, Let it be required to divide 4 or 4.000 &c, by 57. Here 
the dividual, 4.00 ſtands in the claſs of hundredths, and the diviſor 
ſtands in the claſs of units; therefore the value of the quotient 
figure muſt be an hundredth part of the value of the quotient figure 
of 400 divided by 37, or in the claſs of hundredths. F 

This conſideration forms an eaſy rule for decimal diviſion and 
reduclion, for when the claſs of the firſt figure of the quotient is de- 
termined, the claſſes of the reſt follow in courſe. 


tions 
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tions and examples in the firſt part of this chapter 
to ſuch quantities, as gave integral quotients, It 
is proper therefore now to reſume the ſubject, 
and i luſtrate it with various examples, firſt ob- 
ſerving, that à quotient is that quantity, which, 
multiplied into the diviſor ( according to the moſt ex- 
tenſive ſenſe of multiplication ) produces the dividend, 


164. In all caſes whatſoever of diviſion, the 
operation may be denoted by a ſymbol. And 
quantities with ſuch a ſymbol attached to them, 
repreſent the re/u/t of that operation. 


165, If the dividend be under the form of a 
multiple of the diviſor, the operation may actual- 
ly take place, as was explained in the firſt part of 


this chapter, 


166, If the dividend be not under ſuch form, a 
ſymbol muſt be employed: but ſtill the quotient 
may be exhibited under different forms, inaſmuch 
as fractions are reducible to others of equal value 
in different terms, and reſolvable into parts. 


167. If the diviſor and dividend have a common 
factor, it may be expunged from each, and the 
expreſſion be thus reduced to more ſimple terms. 
10a 24 


„ 
Thus, ab b* 55 5 gab” U 


22 168. If 
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168, If the dividend be a compound quantity, 
each term may be ſeparately divided by the di- 
viſor, 


And it may happen, that ſome of theſe reſult- 
ing fractions, ſhall be expreſſible in integral terms, 
though all be nat, 


1 cx +by _ cx by = 


— — 


169. If the diviſor be compound, it may hap- 
pen that part of the quotient ſhall be expreſſible 
in integral terms and part of it not; or there may 
be no part of it expreſſible in integral terms. In 
this laſt caſe it will generally be moſt convenient 
to ſet down the diviſor and dividend as a fraction, 
having firſt divided them by any common factor, 
in order to ſimplify the expreſſion, But if it be 
| thought proper, the quotient, even in this caſe, 

may be expreſſed by a ſeries of fractions: for there 
muſt be ſome fraction, the product of whoſe mul- 

| tiplication, into the diviſor, ſhall contain, among 
dl its terms, ſome one term of the dividend: again, 
there muſt be ſome fraction the product of whoſe 
multiplication into the diviſor ſhall contain ſome 
one of the terms of the remainder; and ſo on, 

And this operation may be continued on as far as 

: is 


= — — —  — —— — — = — 0 
— — — - 
5 - — - — — 
— - —  _ e ———_ — — — — 


- OO —e _ —_— 
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th laſt remainder 
diviſor 

to the quotient obtained, will always make up 

the whole quotient of the given quantities. 


is thought neceſſary; and added 


In the ſame manner, when the quotient can 
partly be expreſſed in integral terms, it may be 
continued on by the fractional terms, as far as may 
be thought neceſſary. 


170. In order to obtain quotients from com- 
pound diviſors in the ſimpleſt terms, and moſt re- 
gular manner, the diviſor and dividend muſt be ar- 
ranged according to the powers of ſome letter common 

to both; and ſuch a letter ſhould be choſen as has 
| higher powers in the dividend than in the diviſor : 
the quotient of the firſt term of the diviſor, and the 
firſt term of the dividend, muſt be ſet down as the firſt 
term of quotient ; the product of this term multiplied 
into the diviſor muſt be ſubtracted from the dividend ; 
and the remainder ( arranged according to the powers 
of the ſame letter ) muſt be proceeded with in the ſame 
manner; and ſo on, till there be no remainder, or till 
it appear that there always will be one; in which 
caſe the operation may be continued as far as is thought 
the laſt remainder 

diviſor 

the quotient obtained, 


expedient, and 


muſt be added to 


EXAMPLES. 


—— , — 


— 2 < Ro OO @_ =- 
— — 
— — — — 
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EXAMPLES. 
iſt, Divide @* - 2a4b+b* by a—b 
a-b Y* a*—-2ab+b* (a-b 


a* - ab 
-ab +b* 
— ab + b* 


. = 
a. 


Ex, 2. Divide 6a* — 48 by 24 +4a+8 


24 +4a+8 ) 6a' —48 ( 3a-6 
6a ＋124 +244 


2 244 — 48 
— 124 — 24448 


If the terms of the dividend be diſpoſed in this order, 
- 24b + a* + 4*, the quotient may be obtained, but in terms leſs 


a-b,) -24+® +6 ( <2b+a+6 


Ex, 3d, 


By 


ariſe, 
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Ex. 3d, Divide a* +2* by 4 
: 25” as* 


a+z ) a +27? ( dts 9 
a +ar 
— az +2 N 
—- at - 
+22* 
+22% + 
a 
— 27" 
a 
PRs . op 24 
a a* 
Remainder + — 


obſerving the manner, in which the terms 
their law may be diſcovered; and the quo- 


tient may be continued on ad libitum, without 
farther diviſion: In this example, the ſigns will 
be + and — alternately, and the terms, after the 
firſt two, will be 28, multiplied into the ſuccef; 


five powers of = 


If a be greater than x, the farther this ſeries 
be extended, the leſs will it differ in value from 


the 
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the true Ln for after n terms, the remain. 


der will be - — — + and this quantity, divided by 


the diviſor, completes the quotient: Now, * | 
a 


be a proper fraction, the greater » is the leſs is 
2 —1 1—1 45 — 


=— conſequently the leſs is — - 
a 


* 


2 7; i, c. the leſs does the ſum of the preceding 
terms differ from the exact quotient. On the con- 
trary, if x be greater than a, the farther the di- 
viſion is carried, the more will the ſeries differ 


from the true quotient ; for then the greater 7 is, 


the greater is — >@+27, and to have the ſeries 


in this caſe converge in value to the true quoti- 
ent, the terms of the dividend and diviſor muſt 
be arranged according to the powers of x ; for 
that arrangement will produce the ſeries x = a+ 


x 
greater than a) the remainders decreaſe, 


— &c. where, (upon ſuppoſition that æ is 


* For if — be a proper fraction, or a part of unity, = X - , 


WP -., . JC x* 
==- a yartel =} X wo r 


Ex. 5th, 
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Ex, 5th, Divide 1 by 1-2. 


1-4) 1 ( 1+2+2* 


14 
x 
T— 2? 
x? 
x — x* 
Rem. 4 


In this example the terms of the quotient ap- 
pear under an integral form, the firſt term of the 
diviſor being unity. If x be leſs than 1, each re- 
mainder will be leſs than the preceding, and the 
farther the diviſion be carried on, the more near- 


ly will the ſeries exhibit the true quotient, 


ſez 2 4 —x= A; and = 
Suppoſe z = then 1 — x 2 2 


4128222. 


The ſeries will be 1+ - — 7 + 8 + &c, and 


after any number of terms, the ſum of all that 
could follow, if the diviſion were carried on in- 
definitely, is not greater than the laſt found term; 
for ſince the remainders are always poſitive, the 


ſum of the ſeries is always leſs than the true quo- 


R tient 


— 


— — — — —— — — - 
- 
—— — — — 
— — — — 
— 


= * _ 
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remainder 
diviſor ? 
all the terms, that would follow is not greater 


remainder 
diviſor 


i, e. the ſum of 


tient by the quantity 


than Now, after » terms, the remain- 


remainder * 
diviſor 


. I 
der is 2”"= 2 therefore 


1 
8 


da 1 


— the laſt term. 


— 1 
If the arrangement of the diviſor had been 
—x+1, the quotient ſeries would have been 


_ 2 &c. which, if 4 be leſs than 1, 
1 


diverges from the true quotient, but converges, 
upon ſuppoſition that z is greater than 1. The 


whole quotient would be _ == — Ke. 


1 & + 
— — — -- - 4. 
„5 a 


Ex, 6th, y=1 ) y* 1 ( y* +yt1 
3 


If 


* 


If 
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If the ſame power of the leading letter be found 
in two or more terms, the operation may ſome- 
times be carried on more ſimply and conveniently 
by collecting ſuch terms into one, (See art. 85.) 


Ex, 7th, Divide a* - ca* +cba—2b*a+b* by a—b 


a=b) a ca + —2b*, a+b' ( a* +b—=c.a—b*,or 
a* — ba 42 ba- ca-. 


| Ex, Sth. 
x- 1 & —px* Tr (2 * 2 . 


e ax 


4 — p. & 


42 — p. * T 1 


2 ap +a* * 
.q—-ap+&4"', K * ep 


Rem. peter 


i. CHAP, 


CHAPTER VI. 


OF INVOLUTION AND EVOLUTION, 


ARTICLE 164. IF a quantity be multiplied into it- 

ſelf, it is ſaid to be involved or 
raiſed, The products are called powers, and the 
quantity by whoſe multiplicgtion into itſelf theſe 
powers are generated, is called the root, 


165, For the ſake of brevity, powers are ex- 
preſſed by placing above the root, a figure denot- 
ing the number of factors. This figure is called 
the Index or Exponent, and from it the power is 
denominated: Thus, 


a v /1ſt, a 
a a S 24d, power of the a* 
aaa Id. ( root a, and is Ja" ' 
a 4 à à = 4th. (ot iſe ex- Ja 
&c, c. Ypreſled by - 3 &c, 
a a ac. to n factors J. U Pa 


The 2d and 3d powers are generally called the 
ſquare and cube reſpectively, and the 4th, 5th, and 
6th powers are fometimes -called the Miquadrete, 
ſurſoltd, and cubocube refpectively. 


166. Any 
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166. Any quantity is raiſed to a propoſed power 
by raiſing each factor to that power. 


For as often as the given quantity is multiplied 
into itſelf, ſo often will each factor in it be re- 
peated. 


EXAMPLES, 


The ſquare of ab (ab x ab) is a* b; 
The cube of ab is a b*; 

The u power of ab (Sab x ab x &c, to n factors 
=aa &c, to n factors x bb &c, to n factors) =a" . 
The ſquare of 2ab is 44b*; its cube is 8a* b*, 

Jab 2 ga*b*, za beer, = 2 7, 


The ſquare of = | = x 7 18 —.— ; its cube is 


8a. b* mx* | 1 FA b*m* x* 
8 


a +x* der = 27 +x* b x a* —x*1 


Cor. When the quantity to be involved is a 
fraction, both numerator and denominator are 
raiſed to the propoſed power, 


167. Powers of the ſame root are multiplied tage- 
ther, by adding together their exponents for a new 
Exponent, 


For 


' 
| 
h 
J 


tors) = a =a FO 
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For there will be as many factors in the pro- 
duct, as there are factors in the quantities to be 
multiplied together. 


Thus, a“ * 4 (=aa x aca=aaaaa) =a*, 
ax —a',ora'x -a*(=ax -aa==ac')==a'", 
a"x a" (a, &c, to n factors x aa .., &c. to 


m factors aa, &c, to m factors) = @ — 


168. Converſely, Any power is divided by a leſs 
power of the ſame root, by ſubtracting the index of 


the diviſor from the index of the dividend, for a new 
indez, | | 


Thus, (= _ = aaa ) n 


* S &c. to m+1n factors 


| —_— 64 cc . 
a” 4a Kc. to mn factors , to n fac 


169. If the rule in the laſt. article be made 
general, whether the diviſor be or be not a leſs 


power than the dividend, the reciprocal of any 


power will be expreſled by prefixing the negative 
fign to its index, f 


For the greater index of the diviſor ſubtracted 
from the leſs index of the dividend, will leave 
their difference with a negative ſign; and a leſs 
power divided by a greater, is equal to unity di- 

vided 
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vided by that power, whoſe index is the diffe- 
rence of the indices of diviſor and dividend. 


Thus, (if the rule be made general) _ _ 


& 
a* 
will be denoted by (a or) a; 2. which, if u 


be greater than m, is equal to a, but equal to 


if mm be greater than », will, in both caſes, 


be denoted by a", where the index, n—m, Will 
be poſitive, on the former ſuppoſition, but nega- 
tive on the latter, | 


170. If the index of the diviſor be equal to the 
index of the dividend, the index of the quotient 


derived from this rule will be o; for 4 will be 


r = will be a*—* = a*, 


1 or -— is equal to 1; therefore a“ will ſignify 


1. And the ſeries : 
aaa, to n factors, aa.,ton-1 factors, &c., a, 1, 
=, 755 &c, where each term is equal to the pre- 


ceding divided by a, will be expreſſed by a ſeries, 


the indices of whoſe terms decreaſe by unity, viz. 


by the ſeries 
LY ar NUNES mw i © 
171. Theſc 
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171. Theſe powers of =, or reciprocals of the 


powers of a, when they are expreſſed by negative 
exponents, are called negative powers of a, It is 
obvious that they are multiplied and divided by 
the ſame rules as poſitive powers, ſince from the 
application of thoſe rules are their exponents de- 


rived, | 
Thus, CORES or I R . 3 
a 4 T 


where the index, — n= u, is the ſum of m and 
< i, 


I 
G N ,, 0 RN ==— =. 
a a 


| ; 1 
Alſo, 9 + 2, or 7 7 2 where 
the index, - m, is - ſubtracted from m. 
a "a" or EPR FOODS = ex where the 
a” Fn ＋ * - 
index, -m n, is n ſubtracted from = . 


a , or 4" -— = 4 e, where the index, 


m+n, is - ſubtracted from n. 


172. As to the ſigns of powers it is obvious that 


When the quantity to be involved is poſitive, all 
its powers will be poſitive, And when the quantity 
to be involved is negative, all its powers whoſe ex- 
ponents are odd numbers, will be negative, But. 


all its powers, whoſe —— are even numbers 
will be poſitive. 


For 
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For the product of tuo negative factors is poſt 
tive ; therefore the product of four (= the product 
of two x the product of two) is poſitive; there- 
fore the product of /r (= the product of four x 
the product of two) is poſitive ; and, in general, 
the product of any even number of negative fac- 
tors is poſitive, 


The powers of — a, and of — — are -a TA —a* 


+a* -a*+ &. - +$4* - + &c, 


173. From the laſt and 167 articles it appears, 
that 


Any quantity is raiſed to any propoſed power by 
multiplying the index of each factor by the exponent 
of the power, aud making the reſult poſitive, ex- 
cept where the given quantity is negative, and the 
exponent of the propoſed power at the ſame time an 
odd number, 


For to raiſe any quantity to the 2d, 3d, 4th, &c. 
power is (by art. 167.) to add the exponents of its 
factors once, twice, thrice, &c. to themſelves ; 
therefore the ſecond power of any quantity is had 
by doubling each exponent, the zd power by 
tripling each exponent, and in general, the m 
power is had by multiplying each exponent by . 


I Thus, | 
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Thus, the ſquare of a or a“, is a * * or a7; its 


cube is a' * or a*'; its m® power is a **, or a®, 
a”, raiſed to the u power, is 4. 5 
24”, raiſed to the n® power, is 2“. 
a“ b'c, raiſed to the power r, is ab", 
—&", raiſed to the n® power, (or —a" x —a® * 
&c. to n factors) is + 4, where the negative ſign 
is to be prefixed, if » be an odd number, 


—_ raiſed to the m* power, LD, 


174. If the quantity to be involved. be com- 
pound, the involution may be repreſented by the 
index, or the quantity may be actually multiplied 
into itſelf, by the rule in art. 84. 


Thus, the 2d power of a5 (or a+b x a+b) is 
a+b "> or a +2ab+b*. 
Powers of the Binomial a+b 


a+b the root. 
a+b 


4 +ab 
+ab+b* 


a* +2ab+b* the ſquare, or ſecond power. 
a+b 


4 428450 


7er 


4 73˙5 T 305 +b* the cube, or third power. 
a+b 


m_ 


— Ld — 
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4 +34'h+3a*b* +ab? 
+@'b+3a*b* + 340 +b* 


a* ＋44 b b* + qab* ＋ the fourth power, 
a+b © 


n + ab* | 
Ta A +6a*b* + 4ab* +b* 


a* + 5a*b + 104'b* + 104*b* + 5ab* +b*the5*® power 
a+b 


a* +5a*b+10a*b* +104'b* +5a*b* Tab“ 
+@*b+ 5a*b* To +104*b* + 5ab* +b* 


a* +64* dts. ft +200*b* ＋ 15a b* +6ab* +þ* 
&c, the G power, 


175. If the powers of 4-5 be required, they 
will be found the ſame as the preceding, only the 
terms in which the exponent of h is an odd num 
ber, will be found negative, becauſe an odd num- 
ber of negative factors produces a negative pro- 
duct. 


Thus, the cube of 4-5 will be found to be 
a* —2a*b+3ah* —-b*', Where the 2d and 4th 
terms are negative, the exponent of þ being an 
odd number in theſe terms, In general, The 
terms of any power fa b are poſitive and negative 
alternately. 

S 2 176. The 


* 
ö—ẽ! — — — —— 
— — — 
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176. The reverſe of involution, or the reſolv- 
ing of powers into their roots, is called Evolution. 
The ſquare root of any quantity, a, is that quan- 
tity, which multiplied into itſelf produces a; The 
cube root of any quantity, a, is that quantity, 
whoſe cube, or 34 power is a; in general, The 
n root of any quantity, a, is that quantity, whoſe 
n power is a. | | 


177. Roots are expreſſed by placing before the 


quantity, whoſe root is required, the ſymbol y/ 


(called Zu Radical Sign) and prefixing at the head 
a figure, to indicate the denomination of the 


root, Thus, 


The ſquare root of a is expreſſed by V/A or Va. 
The cube root of a, by . 

The 4* root of a U X, by *Va'b=x". 

The z root of 2 by * / 2. 

In general, the u root of a, by a. 


178. The above is the general notation for 
roots in all caſes: but if the quantity, whoſe 
ſquare, cube, or higher root is required, be the 
{quare, cube, or higher power of ſome other quan- 
tity, that other quantity (it is evident) is the 
root required; and the radical ſign need not be 
employed, Thus, 

The ſquare root of 4 (4/4) is 2 or —2; 
The ſquare root of a* (/) is @ or —a; 


The 


* >” 
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The {quare root of 4 is + a,; 
The ſquare root of a is + a; 


The {quare root of 2 — is — 


5 3 
The cube root of 8 (* . is 2 
The cube root of - 8 (*/S) is 23 
S4 . 455 


276%" * , 


The cube root of 
The 4® root of 4“ ( v4") is + a"; 


The u root of . 72 is =; 


210 ——— 38 2 
Then root ofa* —2* x a*+x* is a* —a* x * +2 


In general, converſely to art. 166, any propoſed 
root is had, by extracting that root of each factor 
in the given quantity, Hence, (converſely to 
art, 173,) the following ; 


Rule. Divide the inder of cach factor in the 


given quantity by the number that denominates the 
root required, 


179. The ambiguity in the ſign of any root, 
that is denominated by an even number, is the 
neceſſary conſequence of admitting abſtract nega- 
tive quantities. For by the definitions of multi- 
plication —ax -a=+ax +a=a*; therefore, by 
the definition of roots, both —a and +a are ſquare 
roots of a** Alſo, -a -ax -A -a=+ax + 
ax +@ax +@a=a*; therefore both -a and a are 
4 roots of a“. &c, In general, 


Thoſe 


| 
W 
1 
" 
| 
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Thoſe roots of a poſitive quantity, which are 
denominated by an even number, may be either 
poſitive or negative. 

180. If the number that denominates the root 
required be odd, the ſign of the root muſt be the 


fame as the ſign of the given quantity. For an 


odd number of factors, all affected with the ſame 
ſign, muſt be poſitive, in order to produce a poſt- 
tive product, and negative in order to produce a 
negative producł. 

Thus, 'y/Sis 2; / —B is a. 

181. If the number that denominates the root 
required be even, and the given quantity negative, 
the root is impoſſible, Becauſe a negative product 
cannot reſult from the multiplication of an even 
number of factors, which are all affected with the 
ſame ſign. 

182. Theſe impoſſi ble roots are employed in Al- 
gebra, and are denoted by the radical /ign prefixed | 
to the negative ve quantity. 

Thus, a is called the 8 root of 4“. 
183. The root of a product is equal to the pro- 
duct of the roots of the factors, and vice ver/a, 
Thus, Ja be Se * Vc. 

184. The root of a quotient is equal. to the 
root of the dividend divided by the root of the 


diviſor. 


Thus, 725 = = 
Cc 


185. The 


%. * 1 kd 
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185. The u root of the m® power of any quan- 
tity, a, is equal to the n power of the n® root of 
that quantity, 


For, the u root of 4“ is equal to a x*/a x 


&c. to m factors; but x*y/a x Kc. to m fact 
tors, is, by the definition of powers, the m power 


of /a; 4/6" ="/qa . 

186. The m® root of the nd root of any quan- 
tity, a, is equal to the un root of à. 

For, wet a=x®, een a = er SK] _ 
the m® root of a = the m® root of r* = mn 
root of (x"* or of) a. | 

187. The bu root of the Imm power of à is 
equal to the'n® root of the ¾ power of 4. 

For the b root of 4 = (by art. 186.) the 2 


root of the b root of a!“ = the n® root of a". 


188. 11 2 K, 95% = f.. 
„ / 


zune 


| For if 1 5 5 — multiplying each by ur, 


s how — 
—» or ar gn; but, (by art. 187) "\/4 8 8 


and ” Jan ="/a"; 2 „Ja — "VT. 
: 189. If the rule in art, 178, be made general, 
whether the quotients ariſing from the diviſion of 


the indices, be integral or not; a new notation, by 
Frattional indices, for expreſſing roots of quanti- 


. ties 
9 
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ties will ariſe, which will be attended with great 
convenience in reſpect to the management of in- 
dices, as it will extend to roots and powers of 
roots, the rules for multiplying and dividing 
powers of the ſame quantity, 


For the ſquare root, cube root, 4® root, &c. 
n root of any quantity a, or a“, will be deſignated , 


* 1 1 1 
by a, a", at, &c. ,“. 


The ſame roots & ——_—_— 7, &c. 


. 
| ; in | ©. — 
The ſame roots of * will be 335 * "| 
+ +2 


a 7, Kc. a ", And inſtead of theſe fractions, 
any other fractions whatſoever, that are equal to 
them, may be ſubſtituted. (See art, 188.) 


Let any two roots then whatſoever of the ſame 
c 


quantity, a, be repreſented a® and ai where m, u, 
c, and d may be poſitive or negative. I ſay that 
- C ; IS . 
a” x ai is equal to a, with an index equal to 
3 2 43 
— 17 21 i. e. a7 x a4 =a a = the nd root of 
n 
d | . a 
„„ Alſo, that a7 a is equal to à with an 


m 0 md - nc 


. y m C . Cn — — 
index equal to — —5 LE, 4“ S465 =4 . 
1 


For 


86 1. ö md - ue 
For a* x 47 (by art. 187.) = a= x av(the nd" 
root of a x the nd root of *) = the ad root 


of a"*x a = the nd root of 5. which, ac- 


md-F nc 


cording to this fractional notation, is a + 
md 2c 
Alſo, * ar zar La = the nd® root of 
md— nc 


a ne = Va = a 


190. Roots, when thus deſignated by fractional 
exponents, are called fractional powers, alſo ſome- 
times imperfect powers. 


"TR the ſquare root of a, when Ren by 
45 , is called à to the power x; and * is called a 


to the power — 
19 


191. Theſe fractional powers (it is obvious) are 
involved and evolved by the ſame rules as inte- 


gral powers, 


9 1 
Thus, as raiſed to the ch power = aꝰ * x 


&c, to c factors = 2 And 2 5 * root of as 


im 


is equal to a5 Saß, becauſe a, raiſed to the 
* power 2 2 4 
192, From the deſignation of the reciprocals of 
powers by negative indices, it follows that 
Any fattor may be transferred from the numerator 
* T of 
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of a fraction to the denominator, and vice verſa, f 
the ſign of its index be changed. 


For if any factor be expunged from the nume- 
rator of a fraction, and its reciprocal be made a 
factor of the denominator, or any factor be ex- 
punged from the denominator of a fraction, and 
its reciprocal be made a factor of the numerator, 
the value of the fraction will not be changed. 


ac a ac x" 


EXAMPLES, 
* 1 FA I : 

8 1 2 ——) D 
ax a | I 
— = ——_— = 40 

b ba” = A= 
a* x* SSLEEEES „ 82% 4" 
R 


ZE &c, 
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193. If the quantity, whoſe root is required, be 
compound, the root may be expreſſed by the ra- 
dical ſign, or by a fractional index, or it may be 
actually extracted. If the given compound quan- 
tity be ſuch as would reſult from the involution 
of ſome other compound quantity to a power of 
the ſame denomination as the propoſed root, that 
other quantity is evidently the root required, 
And if there be no ſuch exact root, yet, in all 
caſes, a ſeries may be found, which, if its terms 
decreaſe in value, ſhall approximate to the root 
required, 


194. The operation of Evolution being the re- 
verſing of the ſteps in the operation of Involution, 


the method of finding the terms of the root is to 


be diſcovered by attending to the involution of 
compound quantities, 


OF THE EXTRACTION OF THE SQUARE 
ROOTS OF COMPOUND QUANTITIES, 


195. The ſquare of a+bis a +2a4b+b*=a* + 
2a+bXb the ſquare of a—b is a*—2ab+6* 
Sa +2a—bX—b; therefore the ſquare of ac, 
or of a+b+c, conſidering a+b as one term, is 
a+b* +2.a+b+cXc, and the ſquare of ac, 


or of a+b+c+4, is a+b+c\ "+2.a+b+c+dXxd; 
T2 and 


— — 
_ - " — — — -_ . — 
— — — — — —— p =_ 
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and ſo on for any number of terms; a new mem- 
ber introduced into the root increaſing the ſquare 


by twice the previous members X the new member 


+ new member | * 


If therefore the ſquare of abc &c. be diſ- 
tinguiſhed off after the ſquare of a, after the 
ſquare of a+6, after the ſquare of ac, and ſo 
on, it will ſtand thus, 


a, F2a+bX+6b, 2. 4 T UAC Ac, + &e. 
where the firſt term is the ſquare of the firſt mem- 
ber of the root; and if the remaining quantities 
were worked out at length, the firſt term after 


each comma would be 2@ 4 member of the root; 
therefore the other members of the root are to be 
obtained by dividing theſe firſt terms by 24, 
Hence the following, | | 

196, Rule for extracting the ſquare root of 4 
compound quantity. 

Arrange the terms of the given quantity orderly.“ 
Find the ſquare root (a) of the firſt term, which ſet 
down for the firſt member of the root, Subtract its 
ſquare (a:) from the given quantity, and divide the 
firſt term of the remainder by its double, (2a); the 


* The arrangement is as follows: Thoſe terms where the firſt or 
leading letter is found alone, mult ſtand firſt ; thoſe where only 
the firſt or ſeeond letter is found, before thoſe where the other let- 
ters, (if there be more) are ſound ; and ſo on: And the order of the 
leading letter is from the higheſt to the loweſt power, but of the 
others from the loweſt to the higheſt power, 


quotient 
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quotient (b) is the ſecond member of the root, Add 
this ſecond member to the double of the firſt, multiply 
their ſum (2a+b) by the ſecond member (b), and ſub- 
trad the product (2ab+b*) from the laſt remainder. 
If nothing remain, the root is obtained, but if there 
be a remainder, divide the firſt term of it, by double 
the firſt member of the root (2a); the quotient (c) is 
the third member of the root, Add this third member 
to the ſum of double of the firſt - and ſecond, and mul- 
tiply their ſum, (aa abc) by the third member (e), 
and proceed as before, always droiding the firſt term 
of the remainder by (2a), the double of the firſt mem- 


ber for a new member, and ſubtracting double the 


previous part neu member x new member from the 
laſt remainder, for a new remainder, 

Note, The algebraical letters in the above rule, 
which are included in parentheſes, are not-a ne- 
ceſſary part of it, They exhibit the rule briefly 
and perſpicuouſly upon the ſuppoſition that a,b,&c, 
are the members of the root, Other letters, 
which occur in different examples, may be accom- 
modated to this notation by fubſtitution, Thus, 
if the firſt term of the given quantity be x*, x* 
correſponds with a“, and x“ with a; | 


EXAMPLES, 
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G | EXAMPLES. . 


iſt, @*—2ab+6b* (a—b 


2a—b ) —2ab+06* 
— 2ab+b* 


. * , \ 


— 


2d, a*+2ab+b*—2ac—2bc+c* ( a+b—g 
a* 


2a+b ) 2ab+b* —2ac—2bc+c* 
+ 2ab+b* 


2a+2b—c) —2ac—2bc+c 
— 24ac—2bc+c* 


4th, 
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4th. 2 ＋ 24 +a* —24*b—2a6b+0* (4 +a—þ 


42 * 
2a Ta) 2 ＋＋¼ - 24 - ab +6* 
+20* +a* 


— 


2a +24—b) - - 2b 
— 24 b—2ab+b* 


h, 4 .. 2 
rn 
gx* 
a 3ax a” 
6x+ 5 2 16 
6ax a* 
] 4 16 


6th. Let the root of 1+x be required. 

It is evident that no expreſſion whatſoever, 
ſimple or compound, can be accurately equal to 
ix i. e. no expreſſion whatſoever, multiplied 
into itſelf, can produce 1+x; therefore an ap- 
proximation only can be made to the root. 


According to the rule, the operation will be as 
follows. ä 


1+x 
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x a 
ns WY a—_— — —» CC 
I 
4 
2 x 
+=) 
14 
4 hs 
* 8 
T* 
2 9 
1 x* 
0 
* x* 3 x4 
Manny 2 3 
— AI, 5 


From the work it appears, that if the given 
quantity, inſtead of being 1 +x, had been 1 TK 


4 
after the ſecond ſubtraction there would have 


been no remainder, and the root would have been 


1 +=; and that if it had been 1+x # — 5 + 62 


after the third ſubtraction there would have been 
no 
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no remainder, and the root would have been 


1+= — 85 and that if it had been 1 +x K * 


* += „after the fourth ſubtraction 
"6a . 

there . have been no remainder, and the 
root would have been 1 PE = — = and ſo on, 
2 8 0 


If therefore x be of ſuch a magnitude, * that of 


theſe ſucceſſive quantities, 1 +x + 2 142 2 8 


4 * ** 1 


* 
+ T7 ITS 6 FIT 7 — * &c., each 


ſucceeding one differs leſs _ 5 than the 


preceding, the ſeries 1 += — 8 * 75 — &. ap- 
proximates in value to 4 true root of 1 +x, or, 
the more terms of the feries be taken, the leſs 
will their ſum differ from the {quare root of 1 + x. 


7th. If the ſquare root of a+6 be required, the 


ſeries found according to the rule, will be 


a PS 4. Kc. where the exponents 


247 8a 16a * 


of a in the denominators, and of b in the nume- 


414 


rators, increaſe by unity. 


— b 
a+b=ax1 += .. a+b=vVa ay +—; and 


the ſame ſeries as the above will reſult, if the 
U root 
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b c * 
root of 1+ 5 extracted in the ſame manner as 


the root of 1+x in example 6, be multiplied into 
4a 
For by that example it appears that 


$1.3. +} * 
nee 
„ 4 >. is a x 1 + &c, 

Sa 
= a* P +23 = Ai 2D - ” XC, 
24 4 16a 

* h 5 5 

= 2 + Ge, 


OF THE CUBE ROOT OF COMPOUND 
QUANTITIES, 


197. The cube of a+b is a +3a*b+3ab* +b*; 
and the cube of a—b is a — 3a*b+gab* — b*; there- 
fore the cube of a+b+c, or of a+ b+c (conſider- 


m— 3} — 4 - Y X 
ing ag. b as one term) is atb) +3.a+b) x ++ 


3xatbxc* +c* and ſo on for any number of | 
terms in the root, a new member (in) introduced 


| — . 2 
into the root, increaſing the cube by xpriorterms ; 


x m x prior terms xm . If then the cube 


of 
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of a+ b+ c+ &c. be diſtinguiſhed off after the cube 
of a, after the cube of a+6, after the cube of 
4. c, and ſo on, it will ſtand thus: 


„ +3a*b+34b* 4, +3, 245 x cr. — 


c, +$$aatb+Þe x +d+3.44+b4cXd* d., &c, 

where the firſt term is the cube of the firſt men- 
ber of the root, and if the remaining quantities 
were worked out at length, the firſt term after 


cach comma would be 3a* Xa member of a root, 


Therefore the other members of the root are 
to be obtained by dividing theſe arſe terms by 3a*; 
hence the following Y 


198. Rule for extracting the cube root of a 
compound quantity, 


Having arranged the given quantity, the cube root 
(a) of the firſt term (a“) is the firſt member of the 
root required; ſubtrad its cube (a*) from the given 
quantity, and divide the firſt term (za b) of the re- 
mainder by (3a*) triple its ſquare ; the quotient (b) 
is the ſecond member of the root, Subtract᷑ three times 


the firſt member * ſecond — + three times | 


the firſt member x — member. + ſecond member 
(3a*b+3ab* +b*) from the laſt remainder, and if | 
there be another.remainder, divide the firſt term of | 


it by (3a*) triple the firſt member; the quotient (c) 
is the third member of the root. Subtract from the 
U2 | laſt 


— — 2 — 


2 — — 2 — — 
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laſt remainder three times firſt + ſecond member x 


third member + three times firſt and ſecond member x 


—2 3 — 2 
third member +third member, (3. a Tb x c+3.a+b 
x c*+e*) and proceed as before. Always finding 
the new member by dividing the firſt term of the re- 


mainder by (3a*) triple the ſirſt member, and ſubtract᷑- 


ing three times the previous members x new member 


+ three times the previous members x new member, 


+ new member, for a new remainder, * 


Ex, 1ſt, Extract the cube root of 
8x* = 12x*b+6xb* —-b* 


SX —12x*b+6xb*—6* ( 2x-6b 


12x ) —-12x*b+6xb* - 
— 12x*b+6xb* —-b* 


— 


The above rule in effect is the ſame as the follow ing: 

Find the firſt member as above, and the other member; by always 
ſubtrating the cube of thoſe already found from the original given 
quantity, and dividing the firſt term of the remainders by triple 
the firſt member. | ' 

For when a*+ 3a*b+ 3ab*+63 has been ſubtradted from the given 
quantity, the whole cube of a+b will have been ſubtraded, and 
When 3-a+b | *Xc + 3-4+bX +3 has alſo been ſubtraQed, the 
whole cube of a+b+c will have been ſubtracted, 


Ex, 2d, 


EVOLUTION. 
Ex. 2d, Extract the cube root of r+x 


1+x (14 = == + &c. 
| 8 9 


8 
F 
"I ; 
)-=-S 
377 3 277 


x* 2x* x* x* x* x* | 
3 3 Jy as 


1 += is the cube root of the quantity 1 +x+ 


— 12 1 ＋5 _— is the cube root of the 


quantity 145 M4 87 _ and ſo on; and if 


each of theſe Vac Ws differ leſs from 1+x than x 
the preceding, the ſeries 1+ 3 arrest * 


mates to the cube root of 1+x. 


Ex. zd. If the cube root of a+b be required, 
the ſeries ow according to the rule will be 


4 WS +," i * 
340 ga” 8755 | 


T+b)7 =@&+x1+:; blr , and the ſame ſeries 


will 


| 
| 
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will reſult if the cube root of 1 += , extracted ac- 


cording to Ex, 2d, be multiplied into a“. 


Ex. 4th. Required the cube root of a &“. 
According to the laſt example, the ſeries will be 


— 4 s 6 
a* 1 IE Xx ; 1s f —_ &c, 
3a T ga T 
x* 3 
— & — 34 — 9a &e. 


OF THE EXTRACTION OF THE ROOTS 
OF COMPOUND QUANTITIES IN GE- 
NERAL. 


199. It readily appears from the actual multipli- 
cation of any binomial, a+b into itſelf, that the 
firſt term of the n power is a", and that the 
ſecond term is4+na"”'x +6b, 


Since then Pry Zara x 4 b+ &c, 


| : | . "IO 
babe =aTET+c =atb\ 7.4 5 X c 


+ &e. 


arts x + de, +=. —_ Xe &e. 


LOS 


TEES rr Tu. aK bc Xx Ad 
+ &c, | 


and 
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and ſoon, If therefore the n® power of a+ b+c + 
&c, be worked out at length, and diſtinguiſhed 
off after the n® power of a, after the a power of 
a+b,after the n® power of a+b+c, and ſo on, the 
firſt term will be the n* power of the firſt mem- 
ber of the root, and the firſt term after each of 


the diſtinguiſhing commas will be na" x a mem- 


ber of the root ; therefore the other members of 
the root are to be found by dividing theſe firſt 
terms by na", Hence the following 


200. Rule for extracting the n® root of a Com- 
pound Quantity, . | 


Having arranged the quantity, find the n root (a) 
of the firſt term (a") ; this ſhall be the firſt member 
of the root; ſubtract its n power (a“) from the given 
quantity, and divide the firſt term of the remainder 
by n times its n II power (na); the quotient (b) 
ſhall be the ſecond member of the root, Subtrad 
the Arlt ſecond member” from the given quantity, 
and if there be any remainder, proceed as before, 
Always dividing the firſt term of the remainder by 
n times the n IU power of the firſt member of the 
root, and ſubtracting from the original given quanti- 
ty the nu power of the root obtained, for a neu re- 
mainder, 


Ex. 1ſt. 
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Ex, 1ſt, Required the ſquare root of a +2ab+b* 


a*+2ab+b* (475 
a* 


28) 2ab+d6* 
a+b* = a +F2ab+þh* 


Ex. 2d. Required the 5th root of 
32x** — Sox +80x* — 40x*+10x* = x? 


32x —80x*+80x* 40x +10x* = x (zx — x 
J2x* © 


Sox ) - Sox 


5 . 
2x* —x| X = 860x*+80x* 40x +10x* — x* 


—_— 


( 
- * 


OF THE EXTRACTION OF THE ROOTS 
OF NUMBERS. 


201. One principal uſe of the above inquiry into the 
methods of extracting the roots of compound Al- 
gebraic quantities, is the facilitating the inveſti- 
gation of rules for extracting the roots of num- 

bers. 
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bers. If, in the multiplication of numbers, the 
products of the parts were kept ſeparate, powers 
of numbers would appear under the ſame form as 
powers of algebraic terms; and the above rules 
might be applied without any deviation, 


For example, if 231 i. e. 207731 were exhibit 
ed under this form, 201* + 2X20X3+3*, or, 400 
+120+9, its ſquare root would be found by the 
rule in art. 196; but when theſe numbers, 400, 


120 and q, are incorporated, their ſum is 529, 


where neither the 4do, nor the 120 appears ſepa- 
rately. Nevertheleſs, the ſquare root in this, and 
in all other examples, can be determined by a rule 
nearly the ſame as that above quoted, as will ap- 
pear from the following conſiderations, 


202, LEMMA, Let m repreſent any whole num- 
ber whatſoever, "Then 10" = 1 with m cyphers 
to the right hand, and aX10” = @ with m cyphers 


to the right . Da in the m+11, claſs of 
ares 


203, The ſquare root of 100 is 103 of 10000, 100; 
of 1000900, 1000; in general, the ſquare root of 
1 with 2» cyphers, is 1 with » cyphers; from 
which conſideration. it follows, that the ſquare 
root of any number leſs than 100, (i. e. of any 
number of one or tuo places) muſt conſiſt of one 
figure; of any number between gg and 10000 (i. e. 
of wi number of three or Jour places) of two 

X | eng 
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figures; of any number between 9999 and 10000006 
(i. e. of any number of five or /ix places) of three 


figures; of any number not leſs than 1 with 2» —2 
cyphers, but leſs than 1 with 2 = cyphers (i. e. of 
any number of 2u—1, or 2 places) of n figures, 
If then a point be made over every ſecond figure 
in any number, beginning with the units, the 
number will be divided into as many periods, as 
there are points; each period conſiſting of two 
figures, except perhaps the left hand period, which 
will conſiſt of one figure, or two, according as 
the number of places in the given number be odd 
or even; and the number of periods or points will 
ſhew the number of places in the ſquare root, 


204. Let the given number, whoſe ſquare root is 
required, conſiſt of » periods, then its root will 
conſiſt of » places of figures, Let the digits of the 
root be a, ö, c, &c, a being in the higheſt claſs; 
b in the next; &c. then the root is à in the n® 
claſs + bin the n—1) , claſs + c in the 7 23 
claſs + &c. aN 10“ + DUNI + cx 10% 3 + 
&c, where it is to be obſerved, that a muſt be one 
of the nine ſignificant figures, but ö, e, &c..may, 
ſome or all of them, be cyphers; ſince the root 
may have N in ſome or all of its inferior 
os 


1 fay that @ is the higheſt digit poſſible, ſuch 
that its ſquare ſhall not exceed the. firſt or left 


hand period, For taking @ ſuch, ax10"* is 
x not 
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not greater than the root, becauſe ax 10 R 
Sa 10, Sa with 1 periods of cyphers 
to the left hand, is not greater than the given 
number, But a digit (ai) whoſe ſquare is 
greater than the firſt period, would be too great 


. 2 
for the u® n* claſs, becauſe a +1X10 =2+11 

with x—1 periods of cyphers, is greater than the 
given number, And a digit (4—1) which is leſs 
thafi a, would be too ſmall for the u claſs of the 
root, becauſe whatever figures occupy the inferior 
claſſes of the root, they cannot make up a num- 
ber ſo great as one of the claſs in which @ ſtands ; 


conſequently a= 1X10%" + the other members of the 


voor cannot be ſo great as aX10*®, i. e. cannot be 
ſo great as a number which is not greater than 


the root, 


—— 
— — — 


Therefore à is rightly determined by taking it 
the higheſt digit poſſible, whoſe ſquare is not 
greater than the left hand period. 


I ſay that © is the higheſt figure poſſible, ſuch 
that ax 10˙ +6bX 10 ſhall not be greater than 


the given number; or(becauſegx 109 +bX 29% — 


SNK + 2K 10 T= 


ſuch that if « x my fs be ſubtracted from the 


given number, 2@ x 1055 - + bX10%* x b x 105 
X 2 | ſhall 
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ſhall not be greater than the remainder ; or, (be: 


4% 


cauſe a x 10 7 +6,x 10%)" = 10@+b x 107 
OA TU X 10 = toa+b1* with n=2 pe- 
riods of eyphers) ſuch that t0a+8) * (S002 + 
20a+b x b) ſhall not be greater than the two firſt 
periods to the left; or ſuch that if a* be ſubtraQ: 
ed from the firſt period, and the ſecond period be 


annexed to the remainder, 20a+bx b ſhall not 
be greater than the reſalting number, 


For let 6 be ſuch; then, by hypotheſis, no di- 
git greater than 5 may ſtand in the n—1'\ claſs. 
Neither may a leſs digit; becauſe the remaining 
inferior members of the root cannot be ſo great 
as one of the claſs in which b ſtands; conſequently 
axI+þh-r x10 +the other members of the 
root cannot be ſo great as ax 10"'+b x 10%; i.e, 
cannot be ſo great as a number which, by hypo- 
theſis, is not greater than the root, 


Therefore 6 is rightly determined by taking it 
the hizheſt figure poſſible, ſuch that if a* be ſub- 
tracted from the firſt period, and the ſecond pe- 
riod be annexed to the remainder, 20a+b x b ſhall 
not be greater than the reſulting number, 


In a ſimilar manner (if there be more than two 
pres? in the root) it may be proved that c is the 
; higheſt 
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higheft figure poſlible, ſuch that 
= + 71 + IAI 
1008 +10b +c x 10. 21004 ＋ — * 109 


= loo ＋ io t , t with u- 3 periods of cyphers 
to the right hand, ſhall not be greater than the 
given number ; or, (which i is the ſame thing) ſuch 


that 1004 + 10b + c) * ſhall not be greater than the 
three firſt periods; or, (becauſe 100@ + 106 + c) * 
=10000a: + 2004 Þ 106X106 + 200 + 206 + cXe 

Z=Z1oc0004* + 20a + bXbX100 + 200 + 20b Tex | 
=a* with two periods of cyphers + 20a + bxb 
with one period of cyphers + 2004 + 200 + c xc) 
c muſt be the higheſt figure poſſible, ſuch, that if a 
be ſubtracted from the firſt period, and 20a+bxb 
be ſubtracted from the remainder with the ſecond 


period annexed to it, 20aaþ 20b+cXc ſhall not be | 
greater than the number which reſults from an- 
nexing the third period to the remainder left 
after this ſecond ſubtraction. &c. &c, 


Obſervation, It appears from the above, that 
the value of a, the higheſt figure of the root, may 
be eaſily aſcertained by inſpection. 


If a * 10 * be ſubtracted from the given num- 
ber, the remainder will conſiſt of aa x10 xbx19%* 
+ &c, but on account of the inferiority i in the va- 
lue of each ſucceeding figure in the root, the other 
terms of the remainder are ſmall in compariſon 

with 
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with this firſt; ſo that io is nearly the quo: 
tient of this remainder divided by 2a x 10. , or 
(becauſe 2a x 10 x bx 10%? = 2ax 10" 3x6) b ig 
nearly the quotient of this remainder divided by 
2a x 10; or, cutting off 2n — 3 places from the 
remainder, (which early divides it by 10%?) b is 
ſtill * more nearly the quotient of the part left 

divided by 24. But if 2—3 places be cut off from 
the remainder, the part left is the very ſame as 
would reſult from ſubtracting a* from the firſt 
period, and annexing to the remainder the firſt 
figure of the ſecond period, 


The value of 6b being aſcertained, let 
2 10” + bx 10%) * ( ="10a F "X10%4 
=10a + b) * with 2 periods of cyphers) be ſub- 
trated from the given number, and the remainder (if 
there be more than two places in the root) will 
conſiſt of 2 x aX10* +bxr0 xoxo”? + &e. 
De x 10a+bX10% ＋ &c, but the other terms 


ketone inconſiderable with reſpect to this firſt, 
x10 is nearly the quotient of this remainder 


divided by 2 x ax10**+bX10%*; and c is nearly 
the quotient of this remainder divided by 


2x Toa+bX10%5; or cutting off 2#=5 places 
from the remainder, which nearly divides it by 
10%) c is ſtill more nearly the quotient of the. 


* The cutting off 2y—3 places from any number, reduces it more 
than diviſion by 107%7, unleſs the places cut off be cyphers, 
part 


4 
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part, left divided by 2x 104 C5. But if 
ax 10 +6 x 10”) * be ſubtracted from the given 


number, and 2 5 places be cut off from the re- 
mainder, the part left will be the very ſame that 
would have reſulted from ſubtracting a* from the 
firſt period, annexing the ſecond period to the re- 
mainder, ſubtracting 2 x 10a+b from the re- 
ſulting number, and annexing the firſt figure of 
the third period to the number left after this 
ſecond ſubtraction. And (if the root conſift of 
more than three figures) in a ſimilar manner may 
the values of the ſucceeding places be aſcertained. 


From the above inveſtigation is inferred my 
following | 


20g. Rule for rr the 2 root tofa a num- 
ber, 


Divide the given number into 2 by placing 
# point over the units, another over the hundreds, 


and ſo on. 


Find the higheſt digit, (a) 3 . Mall not 
exceed the firſt period to the left hand ; and place it 
to the right hand of the given number after the man- 
ner of a quotient figure in diviſion ; and it will be the _ 
firſt figure of the root required. 


Subtracł its ſquare (a*) from the firſt period, * 
ro the remainder annex the ſecond period, in order 
to form a dividend. ITY 

Place 
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W the double of the figure of the root already 


Sound (aa) to the left hand of the dividend for a di- 
viſor; | 


Divide the dividend, excluſt Fob of the alice of units, 
by this diviſor, and the quotient, or the quotlend 
ſomewhat diminiſhed (b) is the ſecond figure of the 
root, 


Annex this ſecond figure to the right hand of the 
diviſor, and multiply the reſulting number (aa * 10+b) 


by it, and ſubtrad the product ERA from 
the dividend, 


Note. The true value of the ſecond figure of the 
root is that, which makes the above produd either 
equal to the dividend, or af nearly as poſt Lle equal 

to it without exceeding it, 


If there be more than two periods in the given 
number, to the laſt remainder annex the third period 
in order to form a new dividend, and take for a new 
diviſor the double of the figures already found in the 
root ; and find the third figure of the root, and the 
third remainder in the ſame manner from this new 
diviſor and dividend as the ſecond figure and ſecond 
remainder were ow e the firſt drvifer. and di- 
vidend, 


Proceed thus till all the n have 1952 anne xed. 
Always finding the new figure(m) of the root, by bring- 
ing down to the remainder the next period, and con- 
fidering what figure * be annexed to the double of 
the 
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the figures already in the root, Jo that the reſult, 


(root obtained x 10 + m) when multiplied into the 
new figure, Mall give a produdt either equal to the 
dividend, or as nearly as poſſible equal to it without 
exceeding it; which figure will always be nearly 
the quotient of the remainder with one figure of the 
ſucceeding period annexed to it, divided by the double 
of the figures already in the root, And always find- 
ing the new remainder by ſubtracting the —_ product 
from the dividend, 


Note, If in the — of the operation it be 
found that a cypher muſt occupy that place in the 
root, which is then to be determined, in order to 
ſave unneceſlary trouble, after having annexed 
the cypher ta the diviſor employed in finding it, 
take the reſulting number for- the new diviſor, 
and bring down the next period ta the dividend, 
in order to find the ſucceeding figure of the root. 


The moſt expeditious method of doubling the 
root obtained, is by adding the laſt fignre of it to 
the laſt diviſor, 


The following TABLE exhibits the ſquares and 


cubes of the nine — 2 
Roots 5 
Squares IHE 10 1.4. 91 64 81 
Cubes 4122 216 343 5121729 | 


Y EXAMPLES, 


27 


* . 
* =” 
5 2. 0 


| 
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EXAMPLES, 


1ſt, Required the ſquare root of 97344, | 


97344 ( 312 the root, 
9 


61 | 73 

I | G1 
622 | 1244 
1244 


— emmmmamnnd 


1 


- 


2d, Required the ſquare root of 3481118001, 
| 3481118001 ( 59001 
| 25 | 


981 5 
981 


109 
9 


118001 118001 
118801 


— — — — 


x . * 


— 


It is evident that when unity annexed to the 
diviſor forms a number greater than the dividend, 
the next figure of the root muſt be a cypher. 


zd. Required 
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3d. Required the ſquare root of 38453. 


38453 ( 196 
e 


29 | 284 
9 | 261 


* 


— 


386 | 2353 
2316 


37 remainder 


— 


When there is a remainder after the laſt ſubs 
traction, the root obtained is not the root of the 
given number, but of the given number diminiſh- 
ed by that remainder, Thus, in the laſt exam- 
ple, 196 is not the ſquare root of 38453, but of 
38453 - 37 or 38416, Some fraction added to 196 
will make up a number, which ſhall be more nearly 
the ſquare root of 38453 than 196 is; that is, 
whoſe ſquare ſhall differ leſs from 38453 than 
38416 (the ſquare of 196) does, Such a fraction is 
found from the following conſideration—that 


becauſe 38453 = 28 — the ſquare root of 


| 8453xm* 19 
38453 = La, and if n be taken of ſuch , 


4 magnitude, that the neareſt defective root of 
Y 2 38453 
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38453 m (found by the rule) ſhall be greater * 
than 196, —equal ſuppoſe to 169 er; then 


2 6 + 
A 2 will be found = ——=196 +=; 


— 
* 772 


i, e. in addition to the root 196, we obtain the 


— 
fraction . 
2 


If n be taken = unity with = cyphers to the 
right hand, n will = unity with 2# cyphers, and 
V 38453 x m* will be V 3845300 &c. to 2 cyphers 

mM 10 &c, to n cyphers 
=(by decimalnotation)\/3845300&c. to2n cyphers 
having u places pointed off for decimals, 


Now the firſt three figures of the root of 
3845300 &c, are found by the ſame proceſs as the 
root of 38453; and the remaining figures, by 
bringing down the periods of cyphers, In ge- 
neral 


This muſt neceſſarily happen if n be taken a large number 
for it is only required that x96 * + 37 xm? ſhould be at leaft as 
great as 196m + 1112 196 | * ＋ 2X 196m + 1, or (ſubtraQ- 


ing 196) *x from each), that gym* ſhould be as great as 
2X 196m+1, or (dividing each by n) that 35m ſhould be as great 


as 2X 196 + =» 


if 
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If after the extraction of the root { according tothe | | 
rule) a remainder be found, continue the operation at 
pleaſure, by annexing to that and to the ſucceeding 
remainders periods of cyphers, and point off as deci- 
mals the figures obtained by theſe additional periods, | | 


Ex. 1ſt, Required the ſquare root of 2, 


2 (1.414 &c, 


2824 mow 
11296 


604 


Ex, 2d, 
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Ex. ad. Required the ſquare root of 4014 


\ 401 ( 20-0249 


4 
4002 | 10000 
2 | 8004 
40044 | 199600 . 
EI 
400489 | 3942400 
9 | 360440L 


337999 


Neither in theſe nor in any other example cart 
the decimal fraction ever terminate, becauſe no 
-, digit multiplied into itſelf produces a rel pot in 
the place of units, 


The root of any decimal is equal to the root of 
the number conſidered without the decimal point, 
divided by the root of the denominator of the de- 
cimal part, 

— 
9 gory SK 12 
Thus, 1. 232 ny, 

In order therefore to find the ſquare root of a 
decimal, 

206. Firſt 
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206, Firſt make the number of decimal places even, 
{if it be not ſo already) by annexing a cypher to the 
right hand, in order that the ſquare root of the de- 
nominator may be 10, or ſome power of 10, and then 
find the root of the number conſidered as integral, 
and make that figure the firſt place of decimal, which 
was obtained from the firſt decimal period, 


For example, the root of .02 S the root of 
2 1.414 &c, 


— . &c, 
100 19 RY 2 


The root of ,002 = the root of .0020 = the 


20 — 4:47 &c. 


root of — — = .0447 &c, 


0000 100 2 


The root of 1.44 = the root of OI = = = . 

207. The reaſoning, from which are derived the 
methods of extracting the higher roots of num- 
bers, being exactly ſimilar to that employed in 
the preceding articles for the inveſtigation of the 
ſquare root, may be briefly and generally ſtated 
as follows: | 


The cube root of 1000 is 10; the cube root of 
1000000 is 100; the. cube root of 100 &c. to 
Zu cyphers is 100 &c, to » cyphers. Hence it 
follows, that the cube root of any number that 
has not more than free places of figures, will 
conſiſt of but one figure ; that the cube root of 


any number that has more than Zhree places of 


figures, 


tee ee ts... ___— — — 
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figures, but not more than Vi, will conſiſt of two 
figures; that the cube root of any number that 


has more than 7 —1 x 3 places of figures, but not 
more than n x 3 will conſiſt of x figures, 


In general, let m denote the index of the root 
required, then becauſe the m® root of 1 with m 
eyphers (= mm root 10") is 10; and the ] root 
of 1 with 2 n cyphers (Sm root of 10% is 100 ; 
and (in general) the m root of 1 with n cyphers 
(= im root of 10 = 10”) is 1 with » cyphers, it 
follows, that if the given number, whoſe root 
is required, do not conſiſt of more than places 
of figures, its m root will conſift of but one 
figure; that if it conſiſt of more than places, 
but not more than 2 m places, its m* root will 
confiſt of two figures ; in general, that if it conſiſt 


of more than u—1x m places, but not more than 
» * m places, its m* root will conſiſt of x figures, 


208, Hence it follows, that if the given number, 
whoſe m® root is required, be divided into periods 
by placing a point over every n figure, beginning 
from the units, viz. one over the units figure, 
another over the *I th figure, and ſo on, as 
many periods as are found, of ſo many figures will 
the um root conſiſt. , 


Let there be » periods in the given number ; 
and let the figures of the root be a, b, c &c, a being 
| in 
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in the higheſt claſs; ô in the next; &c. then the 
root is à in the n® claſs + bin the TI! th claſs 
+ Kc. or a * 10 + bx 10%? + & c. And the 


chief point neceſſary to be proved in order to 
eſtabliſh a rule, is, 


1ſt, That à muſt be the higheſt digit poſſible, 
whoſe u power does not exceed the firſt or left 
hand period; or (which amounts to the ſame 
thing) that à muſt be the higheſt digit poſſible, 
ſuch that a x 10** 1" ſhall not exceed the given 
number, 


2dly, That b muſt be the higheſt figure poſſible, 
ſuch that ax 10%" +bXx 10 — IO 10% 2 
ſhall not exceed the given number; or, (which is 


the ſame thing) ſuch that 10a+b1" ſhall not ex- 
ceed the two firſt periods, 


2dly. That c (if there be more than two periods 
in the given number) muſt be the bigheſt figure 


poſſible, ſuch that a x 10 +b x 10 Fe x 109-51" 


LETT IR__——_—— 
=100a + 106+cx10%? |” ſhall not exceed the 


given number, or, ſuch that 100a+ Tobe!“ ſhall 
not exceed the three firſt periods. And ſo on, 


The method of demonſtration is ſimilar to that 
in art, 204. 


For taking à of the above magnitude, by hypo- 
theſis, no digit greater than à can occupy the 2 
Z | | claſs 


- 
. 
ͤ— — 3 


— —ñ——— — — 


—— — — — —— — 


- — — T — — _ ſ— 
8 — 1 _s 
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claſs of the root, Neither can a leſs; becaufe 
whatever figures ſtand in the inferior places of 
the root, the ſum of their values, not being ſo 
great as one of the claſs wherein à ſtands, cannot 
compenſate the deficiency. 

And a ſimilar reaſoning applies to the ſucceed- 
ing figures of the root. | 


The firſt figure therefore of the -® root of any 
given number will be known immediately, if the 
m power of each of the nine digits be known: 
e. g. if the left hand period be equal to or greater 
than the um power of 3, but not ſo great as the 
mm power of 4, the firſt figure of the root will 


be 3. 


In finding the ſucceeding figures of the root, 
conjecture and trial muſt be in ſome degree em- 
ployed, But they may be confined within very 
narrow limits; for if a” be ſubtracted from the 
firſt period, and the firſt figure of the ſecond 
period be annexed to the remainder, the ſecond 
figure of the root will be nearly equal to the 
quotient of the reſulting number divided by 
1 


And if toa+b1" (a with Þ to the right hand] 
" be ſubtracted from the two firſt periods, and the 
firſt figure of the third period be annexed to the 
remainder, the third figure of the root will be 
nearly equal to the quotient of the reſulting num- 


ber divided by m x 108 751. &c. &c. 


For 
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For becauſe the two principal terms of the n 
power of ax 10” +b x 10%? + Kc. are @" x 10" 
and mXa"— X 1017 Xn x bX 10”, it follows, that 
if a“ be ſubtracted from the firſt period, and the 
other periods (which being n—1 in number, con- 
fiſt of mu- m places of figures) be annexed 
to the remainder, the reſulting number 
(m x a" x 10” X*— 10 + &c.) divided by 
(m xa" x 10. * 10. , or by) m x N 1 
will not much exceed the ſecond figure, þ; or, 
eutting off from the ſaid reſulting number 
un „i figures, i, e. all the figures of the an- 
nexed periods, except the firſt figure of the ſecond 
period, b will be nearly the reſult of the part left 
divided by ma", as was aſſerted; and in a ſimilar 


manner, becauſe a x 10” + bx 10”? +c x 10% 2 


1oa＋ x 10— TMN IGT 10— * * c x 10. 
+ Kc. may the other aſſertions be proved. 

Hence the following 

zog. Rule for extracting the m root of a 
number, | 

Divide the given number into periods, by placing 
a point over every m figure, beginning from 
the units, viz, one over the units, another over 
the m TI] th figure, and ſo on. 

Find the higheſt digit (a) whoſe mu power is not 
greater than the firſt or leſt hand period, and 1 ſet 


it down for the firſt figure of the root required. 
Z 2 Subtract 
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Subtract its m power (av) from the firſt period, 
and to the remainder annex the firſt figure of the ſe- 
cond period to form a dividend, 


Divide this dividend by m times the m-11th 
power of the firſt figure of the root (ma-) and the 
quotient, or the quotient ſomewhat diminiſhed (b) 
Will be the ſecond figure of the root. 


Place the ſecond figure of the right hand of the 
firſt, and ſubtract the mi power of the reſult 


(10a+6) *) from the two firſt periods, 

Note. The true value of the ſecond figure is that, 
which makes the ſaid mu power (YU) either 
equal to the two firſt periods, or as nearly as poſſible 
equal without exceeding them, 


If there be more than tuo periods in the given 
number, to the remainder left after the ſecond ſub- 
traction annex the firſt figure of the third period, and. 
divide the reſulting number by m times the m- 17 
power of the figures already in the rootim x ia 19 
in order to find the third figure, (e); which muſt be 
ſuch, that when placed: to the right hand of the 
figures already obtained, the mu power of the reſult 
(100a+ 10 Cc 9 Mall be either equal to the three 
Firſt periods, or as nearly as poſſible equal, without 
exceeding them, . 


Ryeeed in the ſame manner till all the periods 


av been employed, Always annexing the firſt figure 
of 
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of the ſucceeding period to the remainder, and divid- 
ing the reſult by m times the m1 th power of the 
figures already in the root, in order to find the 
next figure, (n); which muſt be ſuch, that being 
placed to the right hand of the figures already in 
the root, the m power of the reſulting number 


(root obtained x Ion“) h be either equal to 
the periods that have been already employed, or as 
nearly as poſſible equal without exceeding them ; and 
always ſubtractiug the ſaid m power from the ſaid 
periods, in order to find the next remainder, 


If there be a remainder at laſt, and the root be re- 
quirea to greater accuracy, continue the operation at 
pleaſure with periods of cyphers, and point off as 
decimals the figures obtained by theſe additional 
periods. 8 


The reaſen is obvious; for let R repreſent any number, then 


1 R= — Lithn periods of cyphers —" Rwithnperiods of cy phers 


100. &c. to mn cy phers 100 &c. to n cyphers 


S R with 7 periods of cy phers, having 1 places pointed off for 


decimals, 


ExAMPLE, 
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Required the cube root of 27054036008, 


27054036008 ( 3002 the root, 
* 


3.3.2 270 
301 = 27000 


3X30)* =2700 ) 540. 
300 =27000000 


2X300 |? =270000 ) 540360 


3002 |* =25054036008 


A— 


* 


210. The m root of a decimal the m root of the 
number that reſults from taking away the decimal 
point, divided by the m root of the denominator 
of the decimal part, 


| — 
Thus the 5th root of 1.05 = A 
3V 100 


In order therefore to obtain the m® root of a 
decimal, 


211. Firſt, make the decimal period or periods complete, 
if they be not ſo already, by prefixing cyphers to the 


right hand, in order that the m root of the denomi- 


nator 
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nator may be 10, or ſome power of 10, extrad the 
root of the number (ſo completed) conſidered as inte- 
gral, by art. 209, & c. and make that: figure the firſt 
place of decimals which was obtained by means of the 
firſt decimal period, | 


Ex, 1ſt, Required the 4th root of 82.35721 501, 


82 35721501 ( 3.01 
81 


4X3' 2 108) 13 
301 B8roo000 


1 — 


4 *½ =108000 ) 135721 
3011* = 8235721501 


— 


0 


Ex, 2. Required the cube of ,0002=.000200, 


The figures of the cube root of 200, found by 


art. 209, are 58 Kc. . the root required is 
«058 &c, 


212.Becauſe one of the component parts of i 
(ſo far as the ſignificant figures extend) is a", and 
(in the ſame manner) one of the component parts 
of To Tobe is Toa+b)®, and fo on; there- 
fare inſtead of the ſecond ſubtraction, as directed 


Il 
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in the rule, the other component parts of 10a +31 * 


may be ſubtraQed from the number- that reſults 
from annexing the whole of the ſecond period to 
the firſt remainder, and inflead of the third ſub- 
traction, as directed in the rule, the other com- 


_ ponent parts of 1004+ tob+c| m may be ſubtract- 


ed from the number that reſults from annexing 
the whole of the third period to the ſecond re- 
mainder ; and ſo on. And in this it is that parti- 
cular rules for the ſquare and cube roots differ 
from the foregoing general rule, 


The component parts 10a+b1* are 100047, 


3X100a*b, 2X10ab* and ; of 100a+10b+c)? 


or 10a+b x 10 K c they are Toa TY „1000 ＋ 


3X10a +Þ)* x cX100, 3x10a+bxc* x10, and c*; 
and ſo on. Hence is conſtrued the following, 


* Particular rules might, on the ſame principle, be conſtrued 


for the higher roots ; but the compotent parts of the higher powers 


of a binomial are too numerous to render ſuch rules ſerviceable, 
It may be uſeful to obſerve, that if the index of the root required 


be the product of two or more numbers, inſtead of extracting the 
root at one operation, we may firſt extract that root whoſe index is 


one of the factors, and from the reſult extract that root whoſe index 
is another factor, &c. 
Thus to obtain the 4th root of a 1 we may extract the 


ſquare root of the ſquare root of it; to obtain the 6th root, we may 


extract the ſquare root of the cube root of it, or the cube root of the 


ſquare root of it; to obtain the eighth root we may extra the fourth 
root of the ſquare root of it, or the ſquare root of the 4th root of 
8 it, or the ſquare root of the * root of it. 


213. Rule 
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213. Rule for extracting the cube root of 
number. 


Divide. the given number into periods, by placing 
'@ point over every third figure beginning from the 
units, 


Take for the firſt figure of the root the higheſt 
digit (a) whoſe cube does not exceed the left hand 


period, 


Subtrad its cube (a“) from that period, to the re- 
mainder annex the ſecond period, and call the reſult. 
ing number a reſoluend. 


Divide the reſolvend excluſive of the figures in the 
units and tens place by triple the ſquare of the figure 
in the root (3a*) and the quotient, or the quotient 
ſomewhat diminiſhed (b) will be the ſecond figure of 
the root, 


Multiply the triple ſquare of the firſt figure of the 
root into the ſecond figure, and place the product in 
the claſs of hundreds (or with two cyphers to the 
right hand.) 


Multiply the triple of the firſt figure into the ſquare 
of the ſecond, and place the produd in the claſs of 
tens, (or with one cypher to the right hand.) 


Cube the ſecond figure of the root, 


Subtrad the ſum of the above three quantities 
(3a*bx 100 + g3ab* x 10 +'b*) from the reſolvend, 
and if there be more than two periods in the given 

„ number 
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number, to the remainder annex the third period to 
form a new reſolvend ; and find the third figure of 
the root from the two already obtained, in the ſame 
manner as the ſecond figure was found by means of 
the firſt. | 
Proceed thus till all the periods have been annexed, 

and continue the operation, if neceſſary, with periods 
of cyphers in order to obtain decimal places. 


EXAMPLE. 
Required the cube root of 206425072, 


206425072 ( 591 
5 = 125 
81425 reſolvend 
2X5* = 75 diviſor 
3X5*X9X100 = 67500 
3X5X9* x 10 = 12150 
952 729 
80379 ſubtrahend 


/044 dvd | 1046072 ſecond reſolvend 


3X59 |*'= / "aa ſecond diviſor 
3X591*X1XI00 = 1044300 
3ZX59X1' x10 = 1770 

1 = I 


1046071 ſecond ſubtrahend 
1 remainder 


; CHAP, 


CHAPTER VII. 


OF EQUATIONS IN GENERAL, AND OF 
THE SOLUTION OF SIMPLE EQUATIONS, 


214. Propoſition aſſerting the equality of two 
algebraic quantities or expreſſions is 
called an Equation, 


Thus x- b=c and x—a=o are equations; the 
former aſſerting the value of x to be the ſame. 
as the value of c, and the latter aſſerting the va- 
lue of x—@ to be nothing.“ 


215. When a quantity ſtands alone on one ſide 
of an equation, the quantities on the other ide 
are ſaid to be a value of it, 


Thus, in the equation x=b—d, x ſtands alone 
on one ſide, and - d is a _valoe-of it; 


— 


The aſſertion that any expreſſion is equal to o, evidently implies 
that the ſum of the poſitive terms in that expreſſion is equal to the 
ſum of the negative terms, ſo as to counterbalance it, If x + y=o, 
one of the letters muſt denote a negative quantity, otherwiſe the 
propoſition would be abſurd, Suppoſe that by y, or + y, is meant 
the quantity —3, then the aſſertion is, that x with the ern of 


735 is equal to @, 
A 2 2 216. If 


oY 
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216, If in any equation there be a quantity 
whoſe value is unknown, and by any management 
a new equation be deduced, one fide of which is 
that unknown quantity, and the other ſide known 
quantities, that equation is ſaid to be reſolved, 
and the value of the unknown quantity is called 

a root of the equation, 


217. Equations containing only one unknown 
quantity and its powers, are divided into orders 
according to the higheſt power of the unknown 
quantity to be found among its terms, 


If the higheſt power, 1ſt. 


Simple, or of one dimention. 


of the unknownquan- f 2d. Quadratic, or of two dim 
tity to be found a- 3d. Cubic, or of three dimen- 
mong any of the <c. tions, Sc. 


' Theequartion is called 


terms be the 1 


Mn dimentions, 


218, Unknown quantities are uſually repreſent- 
ed by the Jaſt letters of the alphabet 2, y, x, &c, 
known quantities by the fir/t a, b, c, &c. 


219. The moſt common and uſeful application 
of algebra is in the inveſtigation of quantities that 
are unknown, from certain given relations to 
each other, and to ſach as are known, and hence 
it has been called the Analytical Art, The equa- 
tions employed for expreſling theſe relations muſt 
therefore contain one or more unknown quanti- 
ties, and the principal buſineſs of this art will be, 

the 
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the deducing equations containing only one un- 
known quantity and reſolving them, 


220. The following rules (which are true of all 
equations) are ſufficient for the ſolution of ſimple 
equations, 


221, Rule 1ſt, In any equation quantities may be 
tranſpoſed from one fide to the other, if their ſigns be 
changed, and the two fides will ſtill be equal. 


For if x + a , ſubtracting a from both ſides, 
x + a—-a = b—a, or x = -a, i. e. any poſitive 
quantity may be tranſpoſed, and placed on the 
other ſide with a negative ſign, Again, if x- gg, 
adding c to both ſides, x- Nc, or x Ne 
i, e. any negative quantity may be tranſpoſed, and 
placed on the other ſide with a poſitive iign, 

222, Cor, If the ſigns of all the terms of an 
equation be changed, it will ſtill continue true; 
for this will have the ſame effect as tranipoling 
every term, 


223, Rule 2d, If every term on each fide of an 
equation be multiplied by the ſame quantity, the ſides 
will ſtill be equal, 

Thus, if a = b—c, multiplying every term by 
n, na=nb—nc; 


If - = e, multiplying every term by a, 


x = b + cXa, 


For 
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For multiplying every term by any quantity, 
is multiplying the value of the whole ſide by that 
quantity, | 
224. Cor. An equation may be cleared of fractions 
by multiplying every term by the ceneminetors 
of the fractions ſucceſſively, 


Ex, Let - + - =<c; multiply both ſides by a, 


and x + 7 = ac; then multiply by 5, and 


bx + ax = abc; 

An equation may be cleared of fractions at one 
operation, by multiplying by the product of all 
the denominators, or by any quantity which is 
2 common multiple of them all, 


x jj 8 1 
* Let — + 7 = 7 = m, then multiplying by 


abex abcx abcx 
— 7 „ nabe, or 


bcx + acx + abx = mabc, 


axbxc 


Ex. 2, Let = += 14 r; multiply by 42 
is 

Ex. 3. Let = + 2 == 13; multiply by 12, 
and 6x + 4x + 3x = 12X13 = 156, 


Rule 
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225. Rule 3d.“ 1f each fide of an equation be divide 
d by the ſame quantity, the ſides will ſtill be equal. 


Ex. 1ſt. Let 13x = 26; divide both the ſides by 
13, 1 4 2 
Ex. 2d, Let ax - x =, or 4 1. x=d; divide 


b 


a—-n 


by a- 1, and x = 


Ex, 3d, Let x* =x=nx divide by x and x—1=n, 
Cor. to the above three Rules, 


226, If any quantity be found on both 
ſides of an equation with the ſame ſign, it may be 
taken away from each, Alſo, if every term on 
both ſides have a common multiplier or diviſor, 
that common multiplier or diviſor may be ex- 
punged, | f 


Thus, if ax + b =c +6, K V6" 


20 2ad* - 147 x 
If ee „4 
3 3 


227. Rule 4. {f each fide of an equation be raiſed 
fo the ſame power, the ſides will ſtill be equal. 


Ex. 1. Let x 23; thenx* =3* = 09. 
Ex. 2. Let Vx S 2; then x 4. 


Either of the 2d and 3d Rules might be conſidered as compre- 
bending both: for multiplication by a is diviſion by — and divi- 
— a 
don by 4 is multiplication by . 
a 


Ex. 3. 
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Ex. 3. Let Vax Tx = he then ax TX c 
=b*-3b*c + 3bce*—c?, 

228. Cor. Any equation may be cleared of a ſingle 
radical quantity, by bringing it to ſtand alone on 
one ſide of the equation, and then raiſing both 
ſides to the power whoſe index denominates the 
root. 

Ex. Let a=Vhx=c then, by Nur 


Vhbx = a=c, and bx =a = c 1? 


229 Rule 5th. 7f the ſame root be extracted on 
both fides, the ſides will ſtill be equal. 


Ex. Let x*=S1, then x= VN 9. 


230. If there be two equations, one ſide of one 
added to one ſide of the other, is equal to the ſum 
of the remaining ſides, or a ſide of one ſubtracted 
from a ſide of the other is equal to the remaining 
ſide of the one ſubtracted from the remaining ſide 
of the other, 

Thus, if a + b =c and x=dy, a+b + x=c+dy; 
and a + b— x c. dy, 

The former is called adding the equations, and 
the latter, ſubtracting them. 5 


231. 6th. Any quantity, of which only the firſt 
power is found in a propoſed equation, may, by 
the above rules, be made to ſtand alone on one 


ſide, the other ſide being a value of it in terms of 
the 
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the other quantities that are concerned in the 
given equation, 


Ex. 1ſt, Given ax=x+6, Required t the value of 
x in terms of @ and 6, 


By tranſpoſition ax=x=b or, a— 1. X b. 


„ Dividing each ſide by i, x = 1 


Ex. 2d, Given ma T = b*c- na*. 3 
the value of a“ in terms of , 6, c, and u. 


ma + na =b*c—b), orm + n. a Rο 5“. 
„ Div. by m+n, 2 = ———, 


Ex. 3d. Given xy X i ab. 
Required the value of x in terms of y, # and ab. 


Ex, 4th. Given * xy 4 2 Vrx. 
Required the value of Vin terms of, aand r. 
Vay E | 
or rVxxVy VNV =V'y nts = 4. 


n 


132. The above article ineludes the ſolution of all 
ſimple equations whatſoever, which, it is evident, 
B b may 
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may always be obtained by means of the follow- 
ing proceſs, 


1it, Clear the equation of fractions, by art, 2243 
2dly. Tranſpoſe all the terms that involve the 
unknown quantity to one “ ſide of the equation, 
and the known quantities to the other, by art. 221; 
3dly. Divide both ſides by the coefficient, or ſum 
of the coefficients of the unknown quantity, (i. e. 
by that ſimple or compound expreſſion, which 
multiplied into the unknown quantity, produces 
that ſide of the equation where the unknown 
quantity is found) and the value required is ob- 
tained. 


In many caſes it will be beſt to tranſpoſe firſt, 
and then clear off the fractions. (See Ex. ad.) 


ExAMPLES of the reſolution of Simple Equa - 
tions. ä | 
Ex. iſt, Let 3x+5=x+9 ; required the value 
of x. | | 
Tranſpoſing x, 3x Xx = 9-5, or 2 Xx = 4. 
„. div. by 2 4 22. 
by tranſp. 57 * = 26-1214. 
Mult. by 2X3 gox=15x—8x = 84, or 7x = 84. 
ids 
. div. by 7 a= 7 = 12. 
| It will be moſt convenient to tranſpoſe the unknown quantity 


to that fide which makes the ſum of its coefficients poſitive. K 
eo X. 3, 
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% 


Ex, 3» Let — = ax - c. — 


74 -x - = ax - ve, or a- X +b= ax - c. 
74 + þ—7c* = 7ax + x = Xx70 + 1. 
* 172 . 
7a + 1 
EXAMPLES of Equations that may be reduced 
to ſimple equations by multiplication or diviſion. 


Ex, 4th, Given 2 + 4 = 16 


Mul, by x and 5 + * 5 a ſimple equation. 
Hence 20 + gx = 64x, and 20 = 55x 


* K - 20 — — * 
55 11 


Ex. zth. Given ax! — lzabx = 2ax* + 6a*' x* 
div. by 3ax*, 2x—-4b=x+24 a ſimple equation. 
Hence 2x—x 2 24 + 46, or x = 24 + 46. 
24 
=vS3+= 
Mul.byV a+ x,andVx xXVa+x+Va+xxV a+X2528 
or V x x V a+ + a+xXx = 24, 
.. VXXVATX S x 


and ſquaring both ſides xxa + x = a=xl*, 
or ar + 2* = @a* — 2 + 2*, 
„, ax = a — aa, and 3a = . 


Ex. 6th, Given VX + Va 


B 2 | Ex. 7th, 
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SubtraQing £ from both fides — 
Mult, by =3z 2 22 1&3 


= T7; 


— 3.5 


- 


133. If there be two unknown quantities, their 
values may be found, provided there be given two 
independent equations involving them, by any of 
the three following methods : 

1ſt Method, If either of the unknown quanti- 
ties have the ſame coefficient in both equations, 
ſubtract or add the equations according as the 
ſign of the unknown quantity is alike or different 
in the two caſes, In the reſulting equation but 
. one of the unknown quantities will be found, 
whoſe value may therefore be obtained by the 
preceding rules. | | 

If neither of the unknown quantities have the 
ſame coefficient in both the given equations, de- 
duce from them two equations in which one of 
the unknown quantities ſhall have the ſame co- 
Efficients, which may be always done by multi- 
_ plying the terms of the firſt equation by the co- 
efficient of one of the unknown quantities in the 
ſecond, and the terms of the ſecond equation by 


All that appears from this concluſion is, that if — be ſabſti- 
tuted according to the algebraic rules for & in the given equation, 
the numerical valye of each fide will be the ſame. The equation 


en 1, or — 3112-37711. 


the 
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the coefficient of the ſame unknown quantity in 
the firſt equation, But if the two coefficients 
have a common factor, it will be beſt firſt to di- 
vide them by it, and multiply by the reſpective 
quotients, 


Having found the value of one of the unknown 
quantities, the other may be obtained either by 
the ſame method, or by ſubſtituting this value 
inſtead of the unknown quantity in one of the 
given equations, which will reduce it to a ſimple 
equation involving only one unknown quantity. 


zd Method, Find two expreſſions for one of the 
unknown quantities, one from .cach equation, 
(art.231.) put theſe expreſſions equal to each other, 
and the reſulting equation will involve only one 
unknown quantity, whoſe value may therefore be 
found, and hence by ſubſtitution the yalue of the 
other unknown quantity, | 


3d Method. From either of the two equations find 
the value of one of the unknown quantities in 
terms of the other quantities, (art. 231,) and 
ſubſtitute this value inſtead of that unknown 
quantity in the other equation, which will then 
contain only one unknown quantity, whoſe value 
may therefore be found, and hence the value of 
the other may be found, x | 


An Example to the three different methods. 


: 24 + 3 = 23 | 
Given K * = 15) te find the values of and Y: 
| iſt 


f 
| 
| 
| 
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1ſt Method, Multiplying the 
1ſt equation by 5, 107 + 15y = 115 


2d by 2, 10 — 4 = 20 
by ſubtraction I9y 95 
dividing by 19 y = = = 5. 


Hence 2y = 10 „. from the ſecond equation 
51 — 10 = 10, and (by tranſp.) 5 20 
E | 
zd. Method. From the' firſt equation 
24 = 23 3, and 2 = — ws * 4 
10+2y 


from the ſecond, 5 1 =10 + 2y, and 2 = 


> = = — , and multiplying by 2X5, 
20 F4y = 115 - 15%. 
by tranſp. 15 + 4y = 115 — 20, or 195 = 95. 
Ay =2 = 5. 
19 
Hence x = 4, 


zd Method, From the firſt equation 


z = . Hence, by ſubſtitution the ſecond 


equation becomes 5*—— — 25 = 10. 


multiplying by 2, 5X23 — 39% = 45 = 20, 
or 115 — 15% — 45 = 20 
by tranſp. 115 - 20 = 15y +4 y = 19Y. 
Hence as before y='5; and 7'=4. 
Ex. 2d, 
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Ex. d. Given (ff = mn 
Il X=9y=0 
2d Method, _ From the firſt equation 
x = 300 = , and 11x = 3300 119. 
from the ſecond, 11x = 9y. 
WET T 2 3300 — 11 y, and 20 y = 3300, 
Hence y = 2 2 165. 


and x = 300 — y = 300 = 165 = 135. | 


2 7 7 = 
Ex. 3d. Given {* == 


By addition 2x 244124 
a h . 


2 
By ſubtraction 2 y = d 
RE. <a 
«+. Y — 2 . : 
Ex, 4th, Given g ELM N 
4 3 


From the firſt equation 152 = 25y + 30 = 47+ 2y 


I;Z - 43 = 25y + 2y - 30 
or 114 = 27 y 30 | 


hence & = —.—. 
From 


Z 
3 
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From the 2d equation 96 - 3 + 6y = 6X + 4y 


96 + 6y—4y = 62 + 3 


or 9 225 +96 
hence 44 
. 
RT SD 
= II S + 9 


243y = 270=32y +1056 
243y — 22y = 1056 + 270 
or 221y = t 326. 


Hence i= PB ER. 12. 
| 9 9 9 


Ex. zth. owenſ g nn 
| 92 = 2y=4 


Mult. the 1ſt equat, by 3, 18 2 35 9 
ſecond by 2, 182 45 8 
Bub. 1 
Hence 62-1=3 and 6 x = 4. 


— 
1 


. ＋ 


. 
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| ar + by = e 
Ex, 6, Given 21825 
adx + bdy = > 
adx + acy = fa 
Subt, bdy—acy=cd=— fa, 
or d — ae, y = cd a 
2 
6 — 
alſo aex + bey = ce 
dbx + bey = bf 
Subt. 2e—@b. x = ce 
1 
ae = db 
134. If there be three unknown quantities, their 


values may be found, provided there be given three 
independent quantities involving them, 


For from two of the given equations there may 
he deduced an equation involving only two of the 
unknown quantities, by any of the preceding me- 
thods ; and from one of the ſame equations and 
the third there may be deduced an equation in- 
volving the ſame two unknown quantities. This 
being done, there will be two equations involving 
two unknown quantities, whoſe values may there- 
fore be found by the preceding methods; and 
hence the value of the third unknown quantity. 


Ce i Ex. 


: 
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ax+ by +cz = m] required the 
Ex, 1ſt, Given] dx ey + fz = n values of 
gx + hy p. x,yandz, 
From the 1ſt equation x = — 2 . 
| 2d x= 222 E. 
d 
3d 22 — 2 2. 
hence 222 2 Dan A Lf 
a d 
We” m by c Wh p=hy—kz 
a EI 


*. md — bdy — cd = na — eay — faz 

and mg — bgy g = pa — hay — haz 
by tranſpoſition eay — bdy = cdx fax + na — md 
hay — bgy = cgz — haz + pa — mg 


cdx fax + na—md 


ea—bd : 
. 2 — haz + pa — mg 
"LIM ha — bg : 


*. ed —faz + — * ha— S cg Ia f Pa—mg X ca—bd 

or hacdz—ha*fz + ha*n—hamd—bgcdz+bgfaz—bgna+bgmd 

=eacgz—ea*kz+ ea*p—eamg—bdcgz+bdkaz—bdpatbdmg. 
Subtra&t bgmd - bgcdz from both ſides, and di- 

vide by a, and 

hcds — hafz + han — hmd + bgfz — bgn 


= ecgz — cakz + cap emg + bdks - bdp 
and 
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and by tr hcdz—hafz+bgfi — ecgz + eakz - bdhz 
= cap — eng — bdp — han + umd + bgn 

ef — eng — bdp — han + Amd "* bon 
188 hed — haf + bof — ecg + eak — ba- 
* Hence y will be found = 
afp — ing — cdp — khan + kmd + cgn 
kbd — face + cge — fbg + fah — cah 
cep — emk — bfp — hen + hmf + bhn 
afh — cdh + bd — ack + ceg — bfg 


and x = 


The above ſolution proceeds according to the 
2d method in art. 133. 


According to the 1fl method, the ſolution muſt 
be inſtituted as follows: 


Subtracting @ times the 2d equation from d 
times the 1ſt, and a times the 3d from g times the 
1ſt, we ſhall have 

bay + cdz — aey = afz = dm — an, and 
boy + cgz — ahy — a = gm ap, two ſimple equa- 
tions involving two unknown quantities, whence 
the valucs of y and z may be found as befare. 


According to the 3d method, 
From the 1ſt equation x = Ld which be- 


It is evident that the value of y may be derived from the value 
of 2 by ſubſtituting the coefficients of y for the coefficients of 2, and 
the coefficients of 2 ſor the coefficients y in that value. For whe- 
ther » and 2 be exterminated, or x and y, the final equation muſt be 
the ſame, mutatis mutandis. 


* IT ing 


— 9 * 


196 SIMPLE EQUATIONS. 


ing ſubſtituted for x in the 2d and 3d equations, 
they become 
e 2— CZ 


- +ey +fa=n 


* == + hy + kz=p 


&c, 
x+y 12 = 26 
Ex. zd. Given 4x — - = 4 
x — 2 = 6 


| on I +2 = 26 — 4 = 22 
by ſubtraction (EIS b- i= I 


by addition 2y = 22 +2=24 
ey eikt=-s8 
" 3 


and F#=W+FyS) 1£ 
and s = (x --6=) 6 
In this, as in many other examples, the work 
may be ſhortened by deviating from the general 
method of ſolution, 
For adding the three equations together, 3x=36, 
*. Xx = 12 as before, 


„ The ſolution of the 1ſt example may be conſidered as a general 
theorem, in which the letters a, B, c, &c. m, u, p denote the co- 
efficients and krdwn terms of any propoſed equations, involving 
three unknown quantities. 


In Ex. zd. a, ö, c, d, and g are t, e and k are — , m is 26, 

1 is 4, P is 6, 1 3 
eap — emg — bdp — an 

6.5 hed — hcd — haf + bgf — ecg + c — bak 
—_wT ons o+yg 50 6 

2 o+o+pt+r+1 ©” 3 * 

In a ſimilar manner may Ex. 6th in Art. 133, be conſidered as 4 
general theorem for two unknown quantities, , 

n 


becomes s = 


— 


* 
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235. Ina ſimilar manner may the values of any 
number of quantities be found, provided there be 
given as many independent equations as unknown 
quantities, 


For let there be n equations and 7 unknown 
quantities; then there may be deduced I in- 
dependent equations involving only I of the 
unknown quantities; from theſe mz —1 equations 
there may be deduced m—2 independent equations 
involving only mM —2 of the unknown quantities; 
and ſo on, till at laſt there ariſe an equation in- 
volving only one unknown quantity, whoſe value 
being obtained, the values of the reſt of the un- 


known quantities may be had ſucceſſively from the 
ſteps of the analyſis, 


236. It is evident from the preceding articles, 
that if there be given n equations, the values of 
no more than n of the letters that are involved in 
them, can be determined in terms that ſhall in- 
volve only the other letters; e. g. if there be gi- 
ven three equations involving the letters @, &, c, 
d, e, f, the values of a, 6 and c may be determined 
in terms of d, e and / the values of c, d and e 
may be determined in terms of a, “ and / &c, 
but the values of a, b, c and d cannot be deter- 
mined in terms that involve only e and . 


Hence 


! 
| 
( 
: 
1 
' 
[ 


I” * ws = 


| 
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237. Hence it follows, that if there be not ſo many 
equations given as unknown quantitics, the con- 
ditions are not ſufficient to reſtrict the ſolution ; 
but an indefinite varicty of numbers will anſwer 
the propoſed conditions, For ſelecting from the 
unknown quantities ſo many as there are equa- 
tions given, the values of the reſt may be aſſumed 


ad libitum; and this aſſumption, together with 


the conditions of the given equations, will deter- 


mine the values of the ſelected quantities, 


238. In order to obtain values for the unknown 
quantities, it is neceſlary that the given equations 
ſhould be independent of each other, For ſuppoſe 
there be given equations involving n unknown 
quantities, and that r of theſe equations are de- 
pendent on the others, or ſuch as may be derived 
from them; then ſetting aſide theſe dependent 


equations, from the other = equations, the 


value of r of the unknown quantities may be 
determined, if the reſt be aſſumed ; and the an- 
ſwers (whatever they be) will neceſſarily ſatisfy 
the conditions of ther dependent equations, be- 
cauſe theſe equations require nothing more for 
their truth, than that the other equations ſhould 
be juſt, Therefore the values of the n unknown 
quantities are not in this caſe limited, and conſe- 
quently by no reaſoning “ whatſoever can parti- 
| | | cular 


Not only the above methods of ſolution, but all others what- 
ſoever muſt fail, in attempting to determine the values of quanti- 
; ties 
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cular values be obtained without aſſuming the 
values of r of them, 


239. When there are more equations given than 
unknown quantities, as me equations, and : 
unknown quantities, the values of the unknown 
quantities may be determined from any m of the 
equations; and ſhould their values, thus obtained 
from different equations be found to differ, the 
given equations are incongruous, and if the values 
be found to agree, r of the equations are unneceſ- 
ſary and dependent on the reſt, 


ties from # equations, that are not all independent. For it would 
be abſurd, that any reaſoning ſhould determine that which is not 
reſtricted to a particular determination. 
It is ſometimes difficult to diſcoyer whether equations be dependent 
or not. h 
Thus in the equations x + 3y ++ 42 = 9 
gx — 2y + 172 = 25 
| x + 149 — 2211 
It is not obvious at firſt ſight that the third equation is derived 
from the other two. 


OF 
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OF THE SOLUTION OF PROBLEMS BY 
EQUATIONS. | 


240. J* VERY- Equation that involves one or 
more unknown quantities may be juſtly 
conſidered as the ſtatement of a Problem, or at 
leaſt of one of the conditions of a Problem, in 
Algebraic language. 
Thus the equation 5 + : = 5 is a brief ſtate- 


ment of the following problem : 

« There is a certain number, the third part of 
which being added to the half of it, the ſum will 
be 5.” | ; 

Solving the equation is inquiring what that 
number is, and the value found for & is the an- 
ſwer to the inquiry. 


The number that anſwers the above condition, 
might be inveſtigated without the help of alge- 
braic ſymbols, by the common principles of rea- 
ſoning,*- as might the anſwer to any other pro- 


The inveſtigation would be as follows: Since the ſam of a half 
and a third part of the number is 5, double as much, or the ſum of 
two halves and two thirds muſt be 10, but two halves of a number 
is the whole of it; therefore the whole of the number together 
with two thirds of it makes up 10; and three times as much as this 
muſt be 30, i. e. three times the number, together with three times 
two thirds of it makes up 30; but three times two thirds of a 
number, or ſix thirds, is twice the whole of it; therefore three 
times the number together with twice the number makes up 30, or 
five times the number is 30, therefore the number itſelf is a gth part 


of 30, which is 6, 
blem 
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blem or queſtion whatſoever, But the multipli- 
city of words would render the proceſs tedious 
and perplexed. : 


To take another example; the two equations 
x+y=gandx—y= 1 are nothing more than a 
ſtatement of the following problem, 


„There are two numbers whoſe ſum is 9, and 
whoſe difference is 1,” 


241. It appears from the preceding articles, that if 
a problem be properly limited, or the quantities 
required be determinable from the propoſed condi- 
tions, there will be as many independant condi- 
tions as quantities ſought. Hence, if a ſymbol be 
put to denote each of the quantities ſought, there 
will be as many independent equations expreſſive 
of the conditions of the problem as there are un- 
known quantities, the values of which may there- 
fore be obtained, But in many caſes, inſtead of 
ſubſtituting for each of the quantities ſought, it 
will be more convenient to ſubſtitute for one only, 
and from the conditions of the problem, to infer 
names or expreſſions for the others, in terms of 
that one and of known quantities; and becauſe the 
number of conditions will be one more than the 
number of quantities which muſt thus have ex- 
preſſions derived for them, there will at laſt remain 
a condition, which will not have been employed, 
to be ſtated in an equation; and from this equa- 


tion the value of the ynknown quantity may be 
D d obtained, 


ma. OT m.. — 
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obtained, and hence the valnes of the expreſſions 
for the other unknown quantities, 


By this method the ſolution is begun one or 
more ſteps forwarder than it would be if each of 
the unknown quantities had a letter ſubſtituted 
for it, and unneceſſary trouble is thereby avoided, 


To make this ſtill plainer by an example, let 
the above-mentioned problem be reſumed, viz. To 
find two numbers, whoſe ſum is 9, and diffe- 
rence 1. Here if we put x to denote the greater 
of the two numbers, and y to denote the leſs, we 
ſhall have x +y=9 and x—y=1; hence x =9=y; 
which value being ſubſtituted for x in the ſecond 
equation, it becomes 9g — y — y=1,. But if y be put 
for the leſs of the two numbers, it readily appears 
that the greater may be expreſſed by 9 -, (for if 
the leſs be ſubtracted from the ſam, there will 
remain the greater) and then from the other con- 


dition of the problem is had the equationg = y—y=1 


as before. And becauſe from the above two equa- 


tions x + y = 9 and x—y =1, two values may be 


had for either of the two quantities x and y, one 


from each of the equations, there will be four 


methods, by which we may ſubſtitute for one of 


the unknown quantities, and derive an expreſſion 


for the other, For, 


1ſt, We may ſubſtitute for the greater, and de- 


rive an expreſſion for the leſs from the given 


ſum, 
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ſum, —by putting the two quantities to be x, 
and 9g—x; or 

2dly. We may ſubſtitute for the greater and de- 
rive an expreſſion for the leſs, from the given 
difference, — by putting the two quantities to be 
x and x—1; or | | 

3dly, We may ſubſtitute for the 14e, and de- 
rive an expreſſion for the greater, from the given 
ſum, ——by putting the two quantities to be y, 
and 9g—y; or 

4thly, We may ſubſtitute for the /e/5, and de- 
rive an expreſſion for the greater, from the given 
difference, by putting the two quantities to 
beyand y + 1, 

And a ſimilar choice of expreſſions will preſent 
itſelf in other inſtances, in ſelecting from which, 
the only thing to be conſidered is, which of the 
expreſſions will make the equation the moſt ſimple 
and ready to be ſolved. But ſkill in this can only 
be acquired by practice, 


Problems producing Simple Equations, 


PROBLEM 1ſt, 
What number is that, to the double of which 
if 16 be added, the ſum will be 188? 
Let x denote the required number; then 2 x will 
denote the double thereof; and by the queſtion 


2x + 16 = 188, 
D-2 Hence - 


This rem is off e 
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Hence by tranſpoſition 2x = 188 — 16 = 172, 


. div, by 2 x= = = 86, the 
number required. | 
 PRoBLEM 2d. 
A trader allows 1001. per annum for the ex.' 
pences of his family; and augments yearly that 
part of his ſtock, which is not ſo expended, by a 
third part of itſelf, At the end of three years his 
original ſtock was doubled: What had he at 
firſt ? | | 
Let his 1ſt ſtock be x 


Of which ſpending 
1 00], the iſt year, þ x— too 
there remains 


This rem, is in- 
creaſed by a 3d of f x 100 * — == 


itſelf,and becomes 3 
The 2d year he 

ſpends 1001. and . a 100 =<—229? 

there.remains 3 


This rem. is in- 
creaſed by a 3d of — 20 + 4X — — 16x — 16x — 2800 
itſelf,and becomes 3 9 7 


The 3d year he | 7 
ſpends 100l. and a WORN 16x— 3700 
there remains 2 9 


creaſed by a 3d of 


16*— 3700 eren 200 e 
itſelf, and CLINE 


27 


ear his original 
ſtock is doubled 


But per queſtion at 
the end of the 5 — 4 24 _ 


Hence 


be 
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Hence 64 x — 14800 = 54x 
and 10x = 14800 
4 3 =” ny 
Therefore his ſtock was 1480l. 


PROBLEM 3d. 
Required what number that is, which being 
divided into three equal parts and into four equal 


parts, the product of the three parts is equal to 
the product of the four parts 


Let x denote the number ; | 


Then the three equal parts are each of them | 


51 and the four equal parts are each of them - : 
therefore by the queſtion 
e 
1 SS {$a 
a 1 x 
FEO® 3 + 
4 
** = == 250 = 9, 
3 27 27 . 


PROBLEM 4th. 
A gentleman diſtributing money, found he 
wanted 10s. to be able to give 38. to each per ſon; 
therefore he gives to each 48. only, and finds he 


has 58. left. Required the number of perſons and 
ſhillings? : 


Let 


— % = . 
© wide WOES - <A Co 


— * —V— — — — — — 


— 
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Let x denote the number of perſons; then 
ſince with 10s, more there would have been 5 x 


ſhillings, the number of ſhillings is 5 x— 10. 


And ſince with 58. leſs there would have been 
4 x ſhillings, the number of ſhillings is 4x + 5. 

5X = 10 24375 

and Xx.= 15 

The number of perſons therefore is 15, and the 
number of ſhillings is (4x + 5 = ) 65. 


PROBLEM 5th, 


What number is that, which being ſeverally 
added to 36 and to 452, the former ſum will be 
three fourths of the latter ? 


Let the number be denoted by x, 


Then the former ſum is 36+x, 
and the latter ſum is 52 Tx. 


—— 


Fg 26 + x = Yao tor 


and 4X30 + x = 3X52 + x, or 144+4x=156+3x 
whence x = 12 
. if 12 be added to 36 and to 52, the former 


ſum (48) will be = ths of the latter ſum (64.) 


PROBLEM 
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PRoBLEM Gth, 


What number is that, which being ſeverally 
added to 36 and to 52, the former ſum will be 
two thirds of the latter ? 


Purſuing the ſame method as in the laſt problem, 


36 +x= g Xx + x 
and 3X36 + x = 2X52 + x, or 108+3x =104+2x 
whence Xx = — 4, 

. if - 4 be“ added (algebraically) to 36 and 
to 52, the former ſum (32) will be 345 of the lat- 
ter ſum (48.) 


PROBLEM 


® If there be two numbers, a, and a + b, and a be #2 nths of 
ab, and the ſame quantity (d) be added to each, the former ſum 
(a + 4d) will be greater than m nths of the latter ſum (a + b + 4). 


For, (if a be ths of a+b) when &d is added to a+b, only —ths 
of d muſt be added to 4, in order that the latter ſum may be 


n 
5 ths of the former. 


And converſely, if the ſame quantity (4) be ſubtracted from each, 
ah will be leſs than 2 ths of a +þ— 4. 


Hence 


— — 
— 


| 
I 1 
(i 
| 4 
| 
'4 
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. PROBLEM 7th, 

A courier paſling through a certain placeP, tra 
vels at the rate of five miles in two hours, Four 
hours after, another paſſes through the ſame place 
travelling the ſame way at the rate of ſeven miles 
in two hours, How long and how far muſt they 
travel before the firſt be overtaken by the ſe- 
cond ? | 


Let x denote the number of hours the firſt 
courier muſt travel after paſſing through P before 
he be overtaken ; then x—4 will be the number of - 
hours the ſecond muſt travel. And becauſe the 


firſt travels L miles in one hour, he will travel 
2 Xx miles in x hours; and becauſe the ſecond 


travels 2 miles in one hour, he will travel 
» 


EXX=4 miles in x 4 hours; but the firſt in x 


Hence it appears, that becauſe 36 is greater than two thirds of 52, 
it is not by the addition of any quantity to each, but by the ſub- 
traction, that the former ſum can become two thirds of the latter, 


2 
and the true equation is 36 — x = 35822. 


But if + x be conſidered as denoting either a poſitive or a nega- 
tive quantity, as occaſion may require, 36 + x may be put equal 


2 — | | 
105 * 2 ＋Tx, or generally, a + x may be always put equal to 


25 77 


hours, 
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hours, and the ſecond in 24 hours, travel over 
the ſame ground, —viz. from P to the point where 
the firſt is overtaken. 


Hence, — x= 42 === 


and 5x = | — 28 whence x = 14, the number 
of hours the firſt muſt travel; and x—4 = 10 the 
number of hours the ſecond muſt travel, Alſo 


the number of miles travelled over being — is 35. 


If the ſecond courier had travelled „lower than 
the firſt, the“ queſtion muſt have been, How far 
back, previous to the arrival of the firſt at P, did 
the firſt overtake the other, 


E e PROBLEM 


#* The ſame method of ſolution as is employed above will ſerve 
for this caſe, provided that the anſwer, when it is found to be ne- 
gative, be conſidered as denoting how long back it was ſince the 
couriers were together. For, to make the problem general, Let 
two bodies A and B move in the ſame line 2g and in — ſame direction, 

he en Ana 
from Q towards 2, A with a velocity of m miles in an hour, and B 


with a velocity of u miles in an hour, and let 4 paſs through P 
A hours before B, then, 


Cas 1ſt, 
If n be greater than , the dire ſolution is fimilar to that of 


| — nd 
Problem 7, and the equation will be mx=n X x—d and v — But 


Casr ad. 
If me be greater than u, the bodies were together at ſome point Q. 


previous to their paſſing _— P, and the dire ſolution is as 
follows: 
Let 


— 


äV2L2L—— —— —ñ — — — — 
_— _— = _ — 2 


4 
— — — 


| 
l 
| 
| 
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PROBLEM Sth. 

A hare 50 of her leaps before a greyhound, takes 
four leaps to the greyhound's three; but the grey- 
hound in two leaps goes over as much ground as 
the hare in three, How many leaps muſt the grey- 
hound take to catch the hare ? 


Loet x denote the number of hours elapſed from the time of their 
being together at Q, to the time at which A paſſes through P; then 
x+d is the number of hours elapſed from the time of their being to- 
gether to the time at which B paſſes through P; and becauſe in one 
hour 4 moves mz miles, in x hours A moves m x miles, the ſpace Q- 


and becauſe in one hour B moves miles, in x + 4 hours B moves 


n. x + d miles, the ſame ſpace QP. 
„ AX = + nd 


— mn 


* 


| | Now, if it be undetermined which of the two, and n, be the 
greater, and the problem be conſidered as belonging to the 2ſt Caſe, 


1 


the ſolution x = 
Tl 


will, if n be greater than u, be negative, 


—m 
and denote the time elapſed ſince the bodies were together at A; for 
nd 8 nd 
nm © 7 mn 


The ſpace from P to the point where the two bodies are together, 


is in both cafes denoted by ux, which in the 1ſt Caſe, where u is 


nd nd 
greater than n, is n and in the 2d Caſe it is mx = 


i.e, if q and Q be the reſpedive points, 
= PN, therefore in both caſes it 


4 
9 =P q, and mx 
1 — 1 


, if it be meaſured from Þ in the direc- 
tion of motion when this expreſſion is poſitive, and in the contrary 


direQion, when this expreſſion is negative, 
| Let 


may be ſaid to be n 
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Let x denote the number of leaps the greyhound 
muſt take: then if the greyhound took one leap 
while the hare took four, the hare would have 
4 x leaps to take; but the greyhound takes three 
while the hare takes four; therefore the hare has 


1 leaps to take. Hence, in going over the whole 


ground that the grey hound paſſes over, the hare 


would have to take 504 leaps. But by hy po- 
3 
theſis the greyhound, in going over the ſame 


ground, will take but = of the number of leaps 
that the hare takes, 


*. x = 50 +5 or 3x = 100 + = 


whence Z =.300, 


PROBLEM 9th. 


If A and B together can perform a piece of 
work in @ days, A and C together in 6 days, and 
B and C together in c days, in what time will each 
of them perform it alone? 


Let A perform the work in x days, B in y days, 
and C in z days; then 


A performs — of the work in a day, and - of 


Ee 2 it 
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it in a days, B performs - of the work in one 
day, and 5 of it in a days. 


*. An - * part of the work is the whole of 


. $877. on 
it, or — T5 = Lb, 
By a ſimilar reaſoning it appears, that 


A performs . of it in þ days, 
C performs of it in 5 days, 
*. - * 4 = I. 
& | 
Alſo B performs - of it in c days, 


and C performs = of it in e days, 


3 + <=, 
Hence the three following equations; 
ay + ax = xy 
bs + bx = xx 
ca + cy = yz 


From the 1ſt x = 


From the 3d 2 = —. 
8 
which 
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which values being ſubſtituted in the 2d equation, 
it becomes oy + bay _ 
| „ 


. b b 
div, by y and 7 — — 


© „ y=Cxy--a 


br Xy—a + baXy—-c _ acy 
ee — — — — —— 
. 54 . 724 
and bey — abc + bay — ale = acy, 
__ 2abc 


be + ba- ac 


Tlence, 


whence y = 


— 


6 --- 2abc 


hence, z = y—c he Ta- ac * be+ba— ac © E 


ki ' 2abc* abc -C +ac* _ 2abc* 
” bc+ba—ac © be +ba—ac abc - c +ac* 


2abc * 3 2 a abe 
 ab+ac—bc D = © ac+bemab 


PROBLEM 


It appears from the ſolution that a, b and c muſt be ſo aſſumed, 
that of the three products ab, ac, bc, the ſum of any two ſhall be 
greater than the third; otherwiſe the values of x, y and z will not 
all be poſitive, 

And the ſame reſtriction for their values may be deduced from the. 
nature of the queſtion. For B alone could not perform the whole 
work in a days; therefore B could not perform an ath part in one 
day, In the ſame manner C could not perform a bth part in one day. 


Hence B and C together could not perform = + —part in one day; 
therefore 
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PROBLEM 1oth. 


Required what number it is, that conſiſts of 
three places, and has the following properties : 
1ſt. Its digits have a common difference. 2d. If 
it be divided by the ſum of its digits the quotient 
will be 48. 3d, If 198 be ſubtracted from it, the 
remainder will be expreſſed by the ſame three 
digits in an inverted order, 


therefore they could not perform a c — + - part in c days; but, 
7 | 


by ſuppoſition, they perſorm the whole in e days; therefore a 
b + a 
ab 


is greater 


cx. + . part is greater than the whole; or c x 
a 


than 1, therefore ca cb is greater than ab. And in a ſimilar manner 
might it be ſhewn, that ab be is greater than ac, and ab+ac greater 
than bc | 

If a, b, and c be ſo aſſumed, that the denominator of one of the 
expreſſions for x, y and z is o, it implies that one of the agents did 
nothing. It they be ſo aſſumed, that one of the expreſſions becomes 
negative, it implies that one of the agents, inſtead of promoting the 


work, either obſtructed it, or undid it to a certain extent. For let 
2abc 
the expreſſion for x, Es be negative; then the poſitive 


2abc 


value of this expreſſion, or ET is the fame valne as 
. | Rs 


would be found for x from the three equations 7 7 Surren, 


* " 
c 
=+7 =1; but theſe equations are derived from the following 
problem. 


If B obſtructed by A can perform a piece of work in a days, and 
C obſtructed by A in b days, and B and C together in c days, in what 
times can B aud C perfarm it, and 4 undo it, each acting ſeparately ? 


Let 
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Let y denote the difference of the digits, and x 
denote the middle digit ; then the three digits are 
x+y, x and x-, and their ſum is 3x; and becauſe 
the diminution of the number inverts the order 
of the digits, the greateſt digit, x+y, ſands in 
the place of hundreds, 

„. the number is 100Xx + y ＋ 1er + X—-y = 

II1x + 99y, 

and the digits inverted form the number 
100Xx=y + lor + x + y = 111x—-99y, 

Hence, HEINE 48 

3* 
and 111x + 99 — 198 = I11x - y. 

From the laſt equation 198y = 198 *,y= 1; 
I11ix + 99 
3x 

and 33x = 99, whence x = 3. 

„. the digits are 4, 3, 2, and the number re- 
quired is 432. | 

The order of the digits from higheſt to loweſt 
might have been aſſumed x—y, x, x + y, and the 
fame concluſion would have been obtained with 
equal facility; for then y would have been found 


= 48 .*.1112=3X48x—gg 


Hence, 


=> — I, 


CHAP, 


— 


| . 8 


CHAPTER VIII. 


OF QUADRATIC EQUATIONS, 


242. * pen are either pure or affected. 
A pure equation is that, in which only 
one power of the unknown quantity js found, 


An affedted equation is that, in which different 
powers of the unknown quantity are found 


among the ſeveral terms, 


Thus, a Tax gb, and ax - = mn? + x? are 
pure equations. And x - ax=b*, andx*'+x*=17, 
are affected equations. 


243. Any pure equation (whatever be the di- 
menſion of it) may be ſolved by the rules of the 


preceding chapter; for the power of the unknown 


quantity being (by thoſe rules) diſengaged from 


other quantities, and brought to ſtand alone on 


one ſide of the equation, the ſimple unknown 
quantity will be equal to the ſquare root, or cube 
root, or 4th root, &c. of the other fide of the 


equation, according as the power of the unknown 


quantity is the 2d, 3d, 4th, &c, reſpectively. 
| Thus, 


r . O4_.....q4OT%. 


2 
w 
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Thus, if x*=ab, x the ſquare root of one fide 


will be equal to + V ab the ſquare root of the 
other ſide, If 'a* + ax! = b*, by tranſpoſition 


85 — a* Fo eps 2 
ax =b*— a*, and x'= — 2 


a 


If az" — b = 2" — c, (where m may denote any 


number whatſoever integral or fractional) 
b—.c 
42 —1 


ar -=b-c, anda" = 


8 = =: 
a—1 


Hence pure equations as to their reſolution may 
be claſſed with ſimple; and the purpoſe of this 
chapter is to explain the method of finding the 


value of the unknown quantity in affected quadra- 


tic equations, for which purpoſe it is neceſſary to 
premiſe the following 


244. LEMMA, If to any expreſſion of the form 


r +pz or r - px, conſiſting of two terms, one of 


which is a poſitive ſquare, and the other the root 


of that ſquare multiplied into ſome coefficient 
(p or —p) there be added (2 the ſquare of half 


that coefficient, the expreſſion becomes the com- 
plete ſquare of a binomial, and its root, or the bi- 


nomial itſelf, is the ſum or difference of the root 


of the firſt term and the half coefficient, accord 
otto F f ing 


| 
| 
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ing as the ſign of the ſecond term is poſitive or 
negative, 

In other words, if to x* + px be added © the 


reſult, 1 + pr + — - „is the ſquare of 7+ 5 - and 


if to z* —pz be added © 5 the reſult, mots 


the ſquare of z — 2 


ExAMPLES, 
1k, Iftox* - x (or «fp xXx) there be added 


_ 21. it becomes 1 7. whoſe ſquare root is 


X ww = 2» 


2 


2d. If to x + 2ax? there be added , it becomes 
x + 22K + a*, whoſe ſquare root is xi + a, 


zd. If to x** — 36z" there be added 18*, it be- 
comes * — 362" + 18", whoſe ſquare root is 
* - 18. 

= If to 27 + 1 there be added 7 it be- 
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comes 2 7 + g*Ty+ 7 whoſe ſquare root is 
c* 
Ty + 1 85 


5th. If to 2˙ + az — 2 +az there be add- 
ed 1, it becomes 7* + az + 2V4a*+as + 1, 
whoſe ſquare root is Vr + az + 1, 


245. Any affected quadratic equation, whatever 
be the coefficient of the ſquare of the unknown 
quantity, may, by dividing the terms by that 
coefficient, be reduced to an equation in which 
unity ſhall be the coefficient of the ſquare of the 
unknown quantity; hence any affected quadratic 
equation, in which the unknown quantity can 
have any real poſitive value, may be reduced to 
one of the three following forms: : 

i, 854+ @=*e 

as, 28* = da = 

3d, pz A Sr, in all which z 
denotes the unknown quantity, and p and r the 
known quantities; for either the ſum of the two 
terms and px, or the exceſs of one of them 
above the other, may be aſſerted to be equal to a 
given quantity r, 

There is indeed another form of affected quad» 
ratic equations, viz. x* + px = = u but this 
form can have no place in the preſent inquiry 

112 — (which 
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(which is only concerniry the real poſitive values 
of the unknown quantity) becauſe the equation 
x* + px = — r cannot be true, unleſs by x be 
meant a negative quantity, 


246. The 1fl and 2d of theſe equations are always 
poſlible, whatever be the magnitude of ; the 
laſt only when is not greater than P dl | 

For it is evident, that if in the firſt of theſe 
equations x be ſuppoſed to increaſe continually 
from nothing, ad infinitum, the quantity x* + px 
will increaſe from nothing at the ſame time, and 
paſs through all degrees of magnitude whatſoever, 
Therefore how great or how ſmall ſoever the 
magnitude of v be taken, there will be one certain 
value of x, and one only, which can make x* + px 


equal to it. 


In the ſecond of theſe equations it is evident 
that z muſt be greater than p. Now if x, from 
being equal to p, be ſuppoſed to increaſe ad infini- 
tum, x* — px will increaſe at the ſame time from 
nothing (to which it is equal when x is = p) ad 
inſinitum, and this continually, or without ever 
decreaſing. For x* - is TX & but as x in- 
creaſes both theſe factors increaſe; and conſe- 
quently their product, x* — px; therefore what- 


ever be the magnitude of r, there will be one, and 
- but 
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bu one value of x, that being ſubſtituted for it, 
will make x* — px equal tor. 


In the third of theſe equations, in which px is 
ſuppoled to be greater than x, and the exceſs to 
be equal to yr, it is evident that x muſt be leſs 
than p, Now if x be ſuppoſed to increaſe from o, 
till it be equal to p, px—x* will, in the ſame time, 

increaſe from nothing till it arrive at a certain 
magnitude, and then decreaſe to nothing again. 
For when x is nothing, px—x* will be nothing; 
and when x is equal to p, px X will again be. 
equal to nothing. It muſt therefore have in- 
creaſed, and decreaſed again, while x was increaſ- 
ing from o top, In order to ſhew the greateſt 
magnitude px—x* can ever attain, it is neceſſary 
to obſerve, that if a given quantity be divided 
into two parts, the product of the two parts will 
be the greateſt poſlible, when they are equal to 
each other, and conſequently each equal to half 
the given quantity, the truth of which may be 
ſhewn as follows. Let @ denote the given quan- 
tity; then the two parts are either equal or un- 
equal; if they be equal, they are each of them 


=, and their product 1 . If they be unequal, 
one is greater than = and the other exactly as 


a % 
much leſs; let — + 2 denote the greater; then 
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- — will denote the leſs; and their pro- 


duct will be — — 2*; but — — 2* is leſs 
+ 4 
* 
than 7 i. e. the product of any two unequal parts 
is leſs than the product of the equal parts. Now 
px — X, or p- xxx, is the product of two parts 


2 — x and x, whoſe ſum is always p; therefore 
this product is at its maximum when p — x = x, 


i. e. when x and p—x are each equal to - ; but the 


2 


7 , | 
product then is 7 therefore r may not be greater 


; * 
than . 
4 


Moreover, if r = _— x will have one, and but 


* 


one value, —viz. =; but if y be leſs than _ p is 


divided jnto two unequal parts, p—x and x, of 
which p — x may be the greater, and then x is 


leſs than =; or x may the greater, and then x is 


greater than 5 therefore if i be leſs than * 3 


has two values, the one greater, and the other 


leſs than 8 


3 The 


QUADRATIC EQUATIONS. 223 
The preceding equations are reſolved in the 
following manner, In the equation x* + px rj 


Vp + 4r 
2 


the value of x is found to be — by 


adding Elbe ſquare of =, or of half the coefficient 


of the ſecond term) to both ſides of the equation, 
then extracting the ſquare root of both ſides, and 
tranſpoſing the terms, For ſince & + px = x, 


p* 2 $7. 48 
* x — =F + — = — — 
oy” ; n 


458 25 D ? 
& x* X += —— —ͤ — 1. E. x4 — 
Fi N 1 * ＋ 2 


1K 
2 2 
In the equation x* —px=7, the value of x is 


„ 
found, by the ſame proceſs, to be Vo 8 2 


* 1 2 R 
For adding 2 to both fides, x —- px = * 


4 
= CLE, * the roots of theſe quantities are 


equal, i. e. the difference of x and E. is equal to 
2 
— but this difference is x — - and not 


8 — x, becauſe x is greater than 71 *. X = a 


nd = ED, 
In 


£ 
| i 
1 
i448 
| 
a” „ 
. 
1 
1 
[ ' 
1 
' 
4 y 
| ' 
. 
: 
1 
| 
* 
4 
_ _ 
. 
[ 
[1 
: 
: . 
7 
o 
W 
- 
i 
1 


— — — 


. ˙.— w 
RE. , ' ̃ ̃—Ü—rͤ—v e 3ůuͥůn ẽũ ũͥͤůu. 
= - — — — - — 3 — 
. 
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In the equation x & r, the proceſs is ſome- 


what different: For here px—x*, and its equal, r, 
are each of them to be ſubtracted from Fo , than 


which, it has been ſhewn, they are always leſs : 


. 2 x — x* 7 FO 07 ME RT 
* 4 Þ 4 bl 4 
| ans. therefore the roots of theſe quantities 


4 
are equal; or the difference of x and 5 is equal 


Wat —ar 
? 7 i, e. if x be leſs than P IF x = 
2 "FE 
Aw. 1 and if x be greater than 7. * * - — 
2 


; therefore in the firſt caſe we ſhall have 


, and in the ſecond caſe, x = 


r= 
2 
' 2 * 
When e A 2 S o, and 


I . 
2 12 
what was obſerved before. 


— 2; agreeably to 


If, by changing the ſign of each term in this 3d 
form, it be put x*—px x, the proceſs will 
be 
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be the ſame as in the other two,—viz, by adding 
Eto each ſide, 


246. The above inveſtigation ſhews what real 
quantities ſubſtituted for x will make the equa- 
tions true, And it appears that in two of the 
claſſes of quadratic equations, v iz, 

x* +px = rand x* — px x there can be but 
one poſitive quantity, which may be ſubſtituted 
for x ; but that in the other claſs, viz, px=x*=r, 
there will be two, provided r be not ſo great as 


— ; and none at all if r be greater than — But if 


negative quantities, and impoſſible quantities be 
allowed to be ſubſtituted as values of the un- 
known quantity, then in every quadratic equa- 
tion the unknown quantity will have two values, 
whatever be the magnitude of p and r, and what - 
ever be the ſigns of the terms, 


For any affected quadratic equation whatſoever 
may (by changing the ſigns of the terms when x* 
is given Ny be 8 to one of theſe four 
forms, x* ＋ N r, x* -p r, x* = px = Er, 


x TENS r. In each of which, if © be added 
to both ſides, the ſide involving x will become a 
| 2 


complete ſquare, whoſe two roots will be x + 7 


G g and 
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and — « — . when px is poſitive, and x = E and 


5 — x when px is negative; and in each cath * 


either of the roots may be put equal both to the 
poſitive and to the negative root of the other 
fide; whence, by tranſpoſition, two values of x 
will ariſe, 


® It is not by putting one. of the roots of the fide involving x 
equal to one of the roots of the known fide, ang the other root 
equal to the other root of the known ſide that two values of x ariſe, 
but by putting one root of the fide involving x equal to each of the 


roots of the other ſide. Thus, in the 1ſt form, it is not by putting 
Vs; * | 
x +£ = + —— 2 


and — K — 7 "ERA 7A that the two 
= 3 


values of x are obtained, for theſe two equations would give one 
and the ſame value of x; but by putting either x + : or — x — : 


r IE 


(it makes no difference which) equal both to += and to 


er 
. 


The equation 4222 


4 becauſe in this view of quadratie 
2 | | 


tion x + = + 


equations, the ſymbol or + x denotes any quantity (whether poſi- 
tive or negative) which the equation may require for its juſtifica · 
tion, 

In 


is equally juſt as the equa - 


QUADRATIC EQUATIONS. 227 
247. In order that the values of the two roots in the 
different forms may be more clearly underſtood, 
the ſolutions of each of the four general equations 
are here ſubjoined and exemplificd, 


FirksT Foxx. 
Let x +px=r; then x +px+ ” — 2 +47 


4 
3 +? is equal to any tit hic ul- 
. 0 y quantity, which, m 


tiplied into itſelf, produces 
2 =. 
2 


2 
1 = 2 or = . the 


2 
4 


x + LL, or - E 


r — 
* —— 


former of which expreſſions is poſitive, and the 
latter negative. 


EA. Let &“ + 31 = 10 
Then x* + 3x + 2 =10 +2 = 22 
* 4 4 


1 
1 + 2 . 


—— 4442 — * 
and = »6 : 1 


* If s be ſubſtituted for x in the given equation, it becomes 
X - 5 + 3X =; 10, or 28 = 15 a 10. 
Gg2 SECOND 
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SECOND FoRm, 


Let 2 Px = r; then æ 1 4. = . 


r | ifs » or © © —— the 


former of which is poſitive, and the latter ne- 
gative, 


. Lets = 23x = 10 


then x = 3x +2 = 2; 
| 4 4 


TRAHIRD FoRu. 


Let x* = fx =— 7; then * LC 


4 
= P mw Ty 7 + =CIL C | 
-* 6 X — 2 


mize — or £< =, both 


impoſſible, or both poſitive, according as 4r is 
or is not greater than þ*, 


If — 2 be ſubſtituted in the given equation, it becomes 
w2X—=z —3X=- 22 10, 014 +6= 10 


If 


QUADRATIC EQUATIONS. 229 


If p* = 4, VFEF = 0; ud — 
OT bd mes APE Pn 


Ex. iſt, Let x* — & = 14. 


Then x* r ＋ 81 = Sr _ 14 = 22 
4 4 4 
> L, and x = 2 +2= 5 or 2. 
2 2 2 2 
6 


Then x* — x +16 = — 16 + 16 = 03__ 
+ X 4 , and x = 4 


Ex, 3d. f Let x* — 6x = — 12, 
then x* — 6x +9 = - 12 +9 = — 33 

. Xx 32 4&4Ü 9 3 
and K 23 1 3, er 3 = 3. 


In this caſe the equation may be ſaid to have two equal roots. 


+ This equation coincides with the equation 6x * = 12, which 
is impoſſible z for by art. 245, 6x—x* cannot be greater than 9, the 
ſquare of half 6. 


1 If 3 + 3 be ſubſtituted for & in the given equation, it 


K ͤ— 2 — 
becomes 3 1 —3 —6X3+Y/ —=3 = — 12, 
or 9g —- 3+ 6V —3 —18—6/ —3 == 12, and if 3=V —3be 
ſubſtituted, it becomes 2 — 323 = 12, 
or 9 3 3 18 14 (13. 


FoURTH 
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FoukTH FORM, 


ä 


Let x +px== r; then x +px+ 25 


4 
p — ar 
22422 4 
2 i 
* 66k Tu —2 1 
and x = _ 2 or 2 — E, both 


impoſſible or both negative, according as 47 is or 
is not greater than p*, | 
Vp' —ar-p __ CVp* —ar=# 


Hy =, — — | - 


- 


Ex, iſt, Let x +£gr= = 14. 


1 1 25 
then 1 ＋ r + —=— — 142 2, 
* n 4 4 = 4 
and 2. = 24 4; 
nd x + + rd 4 + 23 


Ex. ad. Let XK + 8&x = — 16. 
Then 24 +8&x +16= 16 + 16 = o. 
and x 142 0 4 48S'= 4f 


* If —2 be ſubſtituted for x in the given equation, it becomes 
—2X—2+9X—2==- 14, or 4—18 = — 14, and if —7 be 
fubſtituted, it becomes — X —7 + 9g X —=J=—14, or 49-632 —-14. 

+ If — 4 be ſubſtituted for x in the given equation, it becomes 
AX —>4+8X —4= = 16, or 16 — 32 = = 16, 


Ex, 


- 
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Ex. 23d. Let x* + 6x = 132. 

Then x* +6x +9 == 12 +9 = = 3, 
and x+3= + =; 

„ X 3 T1, or- 34 —=3# 


248. It is obvious that any equation in which 
only two powers of the unknown quantity are 
found, and in which the index of one of thoſe 
powers is double that of the other, may be ſolved 
in the ſame manner as a quadratic equation, 


* If —3 + =3 be ſubſtituted for x in the given equation, it 
becomes —3t 1 +6 * 314 —3 2213, 
or 9-3 T 0 3 — 18 4 6 12. 


It may be uſeful to obſerve, 
1ſt, That the negative root . » Of the firſt form, is, 
| 2 


as to its magnitude, the ſame as the poſitive root of the ſecond form, 
and that if —y be ſubſtituted for in the nrſt form, it will be con- 
verted into the ſecond form for it will become y X —y+þp X —y=r, 
or y* — er. 

2dly. That the negative root, . of the ſecond form, 
js, as to its magnitude, the ſame as the poſitive root of the firſt 
form; and that if —y be ſubſtituted for x in the ſecond form, it will 
be converted into the firſt form, 


3dly. That the two (negative) roots of the fourth form are, as to 
their magnitude, the ſame as the two (poſitive) roots of the third 
form, and that if —y be ſubſtitute for x in the fourth form, it 
will be converted into the third forms 


For 
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For if 2" + p = +r 
8” + 2x" + 2 = — and ex- 


tracting the ſquare root on both ſides ** + 2 
; - 


* 2 + / 80 
= x18 whence * = «+ — 2 2 
2 2 
—— 1 
4 — 
and 2 — — 


If y be ſubſtituted for 2*, * = y*, and the 
equation becomes y* + py Ar, a quadratic, in 
which the values of y are the values of x", 


EXAMPLES, 
nt, Leta*t = 
Then x* = 2x* +1= 9, and x = 1 = + 3. 
Hence, & = 4K 31 1 4, or — 2, 
and r = 2, or = 2, or V — 2, or — V —2, 


0: Vz 1 49 
2d, Let 2 — = 3; then s — 1618 
— I 1 — 227 
Vz--= +5 and VZ K + +- 
6 
3 


Although there be in this example four values of x, there are 
but two values of , and x* is the root of the given equation conſi - 
dered as a quadratic, or as coinciding with y* — 2 = 8. 


Ex. 
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Ex. 3d, Let 5. + 7 + = 0. 


27 
Then y- T == 2 
hen y* + ry 27 
*. * + 4 n 
1 27 
— — 
Hence, „* = + vr. 2 
4 27 
and y*' = = . 
2 4 27 
8 2 r e. 45 
1 


249. EXAMPLEs of equations that may be evra 
to the quadratic form, 


Ex, 1ſt; 26 £ck = == = 3 


4x — 3 — —— — 2 — = 3XZx - 7 
or 4x = 3 — 6x% —23x +21 = 9x=21 


K 1 
4X = 7x + 3—=6x* +23x=21 = gx* 30x + 21 
IIK“ — 46z = = 39 


x* — 46x . 39 
11 11 
5 39 231“ 100 
* S 2 ws — : aw 
11 Fm vn. *. 11)? 
5 248 
11 11 
2 10 
x==+4 2 2 
11 = a or 4. 


* 
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Ex, 2d. Let x + Vaz + b 2 e 
Vax + b = 
ax + b=c=x = y* — ger I x* 
T7 — 2c + @ e 
20 Tal 


2c+al* 


= b-* + 


x — 2c + 32. 2 + 


— 4b + a* + 4ac, 


4 
ä VA + a* + gac 
2 2 

2c +, V+ +40 


T=——— 4 
2 2 
- Theſe two values are the values of 7 in the 
equation ar + b = c* — 2cT + 2*, and it may 
happen that but one of them can be a value of z, 
in the equation Vari =c - z, provided that 
the expreſſion, Var Þ+ b, be reſtricted to denote 
the poſitive root of ar + 5. For the equation 
ar +b = = cr + 2* may be derived either 
from the equation Vax T = c x or from the 
equation Vr + $ = r — c, which are two dif- 
ferent ſuppoſitions, 
It is obvious that if a, 5 and c reprefent poſi- 
2c +a” 2 I 


is 


tive quantities, 


the value of x - LE the tl of the 
equation Vax Ti = c - x, becauſe the other 
root is greater than 6, and by this hypotheſis x is 
leſs than c. 


Sometimes, 
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Sometimes, when by the obvious method of 
reduction, an equation would be obtained involv- 
ing more than two powers of the unknown quan- 
tity, the quadratic form may be obtained by a 


deviation from the general rules, 
ww 


Ex. 3d. Let y* - 2y + 6 Vy* — 2) 5 it. 
Adding 5 to each fide y* = 2y + 5+6Vy* = 2y +5 
= 16, or y*=2y+51' +6xy3* 9 5116 
an equation of the quadratic form; hence 


y* = 2y +5 +6Vy' =2y +5 +92 2% 

Vy ts +3= +5, Vy*-2y+5 =20r —8* 

. — 2y + 5 = 4, or 64 
y' = 2y = or 59 
„ —=2y +1=0 or 60 
y —=1=0O or + V 
y = 1 or + V 


When there are more equations and unknown 
quantities than one, a ſingle equation involving 
only one of the unknown quantities muſt be ob- 
tained by the rules in the preceding chapter, or 
by other ſimilar methods; and if this equation be 
of the quadratic form, the values of the unknown 


quantities may be found. 


*1fvV y*—2y-+ 5 be reſtrited to denote a poſitive quantity, it will 


„ lnvo tutons valuezand( +vV/ 60 ) the two values of y derived from 


the equation V y* — 2y+5 = —8 will not anſwer the conditions of 
the original equation. ' X 
H h 2 | Ex, 
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Ex. 4th, OO mug 
*. 4th, Let & 175. 2 5 


From the ad equ. K- 2 5 — »y 
*. 5=y TY S 13, or 25 = 10% + 25 = 13 


1. | 
: a. $9 
y OO - — 
2444 
y — =.— * 
Ex, 5th, Let f 2 + WA ue 
2xy = 3y ad. 


37 — 3X3" and ar = 2229 +99” 


From the 2d equ. x = 


9 + 18y* + N + 237 = 40 
4y* 

9 + 16 + 9y* + 6y* + Gy = 1609" 

15 y* — 1365 2 9 


Hence, 


8 136 „ 
1 
136. 58 68 * 8 
* , n | 1 75 4 2 
15 15 1 15 
„* 224.8. 67 
15 15 15 
4 _ a 
15 * 


| I + 
y= £3, ans, | 2 5 or + 7= 97 
x2 


1 
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x* +y* = 73 
Ex. 6, Let = F< 


add. double the ad equ. to the 1ſt & T +2xy=121 
ſubtracting , from. x*+y*—2xy=25 
” 0 (Vx? + y* + 2xy =) x +y= + 11 
and (W + y* = 2xy=S)x=y=t5 
Hence by add, 2x = + 11 + 5 


z= —— =8or3,or — 3 or - 8 


y=S = z or 8, or 8 or 3 


x? ** . 
Ex. 7. Let Fl Maxx | 


| x 15 = 6 
: From the 1ſt equ, x* + y* = ayx 
From the 2d xb - y and x, = b—y)? 


Hence, 5˙ — 35 ˙% + 3by* =ayXb—y = aby - 4 
36 + a — 3b* +abxy = —#* 


„ — . | 

r TE 
247 2 

n =, 

b 5˙ 42 — þ* | | 


ar iin: * 


Somctim-s | 
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Sometimes inſtead of deducing an equation in- 
volving one of the unknown quantities that are 
contained in the given equations, it will be ne- 
ceſſary (in order that the form may be quadratic) ? 
_to deduce an equation involving ſome other quan- 
tity, which is dependant on the unknown quan- 
tities, and from whoſe values their value may be 
obtained, ' 


Ex, Sth, Let [-Y- >. 5 
| put r =2 + v 
then y =2 —v 

Hence, 2 + u + 2— v] = 244 
or 32 + 80 + 80v* + 40, ＋ 1rov* + v. 
+ 32 — 8ov + Sou — gov? + ov? - v 
i. e. 64 * + 160v* * + 20v“ * = 244 
Hence, v* + &* =9 + | 
v* +8* +16=9 + 16= 25 

v +4=XE5 

v = + 5 — 428 10r— 9. 

v 24 1 or + Y 

x 221 u 3 or 1, or 2 4 g or 2 9? 
„ 2-2 for 3, or 2 Vg or 2 1 =? 


1244 


— 


PROBLEMS 
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PROBLEMS PRODUCING QUADRATIC 
* EQUATIONS, 17892 


Problem iſt. What two numbers are thoſe, 
whoſe difference is 15, and half of whoſe product 
is equal to the cube of the leſs? 


Let x denote the leſs of the two numbers ; then 
z+15 will denote the greater; and by the queſtion 
z x20 


*. Hencex + 145 = ax* 
NY 


522211 „„ OS 3 
N 8 32 im Ed 
ga med 

$27.4 

1 1 

7 3 


The numbers required therefore are 3 and 
(3 + 15 =) 18. 

Problem 2d. A farmer bought a lot of oxen for 
eighty guineas; if he had had four more for the 
ſame ſum they would have coſt him a guinea a 
piece lefs, Required the number of oxen, and 
the price of each ? | 


Let x denote the number of oxen ; then ſince x 
oxen colt eighty guineas, one ox coſt an xth part 
> 
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of eighty guineas, or 2 guineas ; and if he had 


had four more for the ſame ſuni, the price of each 


would have been = guineas; but by the que- 
4 | | ; 


ſtion this latter price is one guinea leſs than the 
former, 


Hence, 80 = 4 4 


Sor = Bot + 320 XK — 4 

4 + 4x S 320; 2 + 43 +4 = 324 
4 ＋ 2 2 4 18 | 

z= + 18—2=16or.- 20 


and 2 = 5 or — 4 
Z — * 


Therefore the number of oxen was 16, and the 
price of each 5 guineas. | 


Problem 3d. Two travellers, 4 and B ſet out 
from two places Cand Dat the ſame time, A from 
C bound for D, and B from O bound for C; when 
they met and had computed their travels, it was 
found that A had travelled thirty miles more than 
B, and that, at their rate of travelling, A expect- 
ed to reach D in four days, and B to reach C in 
nine days. Required the diſtance. between the 
two places Cand DP? | 

Let 
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Let z denote the number of miles between 


Cand D; then it is evident that 4 and B both 
together had travelled x miles when they met; 
Oy as much as the miles travelled by A. ex- 


ceeded — 7 2 juſt ſo much did the miles travelled by 


3 fall ſnort of =; but, by the ſuppoſition, 4's 
miles exceeded "thoſe of B by 30; therefore A 


muſt have travelled a + 15 or ED mites; ;and 


5 I have travelled = — 21 15 or 2 miles: 5 


therefore the 8 part of 2 journey is 
— miles, which he expects to perform in 


* days; and the remaining part of B's journey 
10 T + 30 
2 


miles, which he expects to perform in 


nine days. Now, if A can travel miles in 


four days, he will travel one mile in an 


3 
2 
part of four days; i. e. in 4 + — days, and 


he will travel — miles i in — 893 
2 


a i, e. in e and by ſimilar rea- 


I j ſoning 


' 
1 
1 
: 
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3 X — 30 - r — ) 
ſoning B can travel Anna miles in — ,.. a 4 
2 | x. + 30 


days. Therefore from the time of their ſetting 


out to the time of their meeting A, has travelled 


TEENY days, and B has travelled 2 
4K 30 x +. 30 
days; but they ſet out at the ſame time; hence, 
x +.39X4 _. x— 39X9 ; 

X — 30 | x +30 


x + 30) Ry =] 70! * — extracting the 
QAuare roots on both ſides x+30x 2=+x— 30X3 


Hence, 2x + 60 = 3x + go, or — 3x r 90 


| whence x = 150, or 6. Therefore the dif- 


tance between the two places C and D is 150 
miles, 


Problem 4th. Two travellers, 4 and B, ſet 
out from two places C and D at the ſame time ; 
A from C with a deſign to paſs through D, and B 
from D with a deſign to travel the ſame way; 
after A had overtaken B, and they had computed 
their travels, it was found that the diſtance A had 
travelled together with the diſtance B had tra- 
velled made up 30 miles; that 4 had paſſed 
through D four hours before, and that B, at his 
rate of travelling, was a nine day's journey diſtant 
from C. Required the diſtance between the twa 
ones C and * ? 


Let 
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Let x denote the num.cr of miles between C 


and D; then it is evident that 4 muſt have tra- 


velled x miles more than B ; but they both toge- 
ther had traveiled 30 miles by the ſuppoſit ion; 


therefore A muſt have travelled 15 + - o _ 


miles, and B muſt have travelled 15 - — or = 
miles; therefore 4's diſtance from D, after he 
had overtaken B, was —— miles, which he had 
travelled in four days; and B's diſtance from C 


was 32 — miles, which he could travel in nine 


days, Hence, by reaſoning ſimilar to that in the | 


laſt problem, i it appears, that 4 was 32 © 3X4 days 


Yo 5 


in travelling his —.— miles; and that B was, 


4 


51 days in travelling his = Eaten but 
as they both ſet ont at the ſame time, theſe times 


are equal; therefore 2.24 — 2X29 and 
go—x 30 


30 + * p 2 30 — 7 * 
„. 30 + xX2 = + 30 - xX3. 
Hence, 2x + 60 = go — 3x or 3x = 90; 
whence x = 6 or 1 50. | 


ft F mw Therefore. 


ö 
5 
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Therefore the diſtance between the two places 
E and D is 6 miles, 


Problem 5th. In a parcel conſiſting of twenty 
gold and ſilver coins, each gold coin was worth 
#5 many ſhillings as there were ſilver coins; and 
each ſilver coin was worth as many ſhillings as 
there were gold coins, and the parcel was worth 
150 ſhillings, Required the number of each? 


Let x denote the number of gold coins, and y 
the number of ſilver coins; then ſince each gold 
coin is worth y ſhillings, the x gold coins are 
worth xy ſhillings; and ſince each ſilver coin is 
worth x ſhillings, the y ſilver coins are worth y 
ſhillings; therefore the worth of the whole parcel 
is 29 ſhillings, 


x +y= 201 
Hence, by the queſtion { * 9 — . 


A 3 SRe—y and yx20 = y = 75 


- Hence, y* — 20y = 75 
y* = 20y + 100 = 25 
y — 10 =+VIj=+5 
—F 4&4 3 er 4 
g 20 = FJ= 5 or 15 — 
The parcel therefore conſiſted either of 5; gold 
coins worth 15 ſhillings a piece, and 15 ſilver coins 
worth gſhillings a piece, or of 15 gold coins worth 
5 ſhillings a piece, and 5 filyer coins worth 15 
ſhillings a piece, 
e Problem 
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Problem 6th, A tradeſman having loſt 200. 
found that if each pound that remained were con- 
verted into his original fortune, he ſhould be 
worth 150 l. What was he worth? 

Let x denote the number of pounds he was 


worth at firſt; then x — 200 l. is his worth after 
the loſs of 2001. and if for each pound in theſe 


x — 200 l. xl, be ſubſtituted, the amount will be 
xxx — 2001. 


.*. by the queſtion 2 — 200 x = 1500 
which equation reſolved gives give x=500 or = 300 
therefore his original fortune was 500l. 


— — — 


SCHOLIUM. 


250. It is evident, that when all the conditions of 
a problem are expreſſed in the equation produced 
by it, the number of poſitive roots to the equa- 
tion can neither be greater nor leſs than the num- 
ber of anſwers the problem will admit of; and 
this, whether the equation produced by the pro- 
blem be a quadratic equation, or an equation of 
any higher dimenſion whatſoever, For what is 
ſuch an equation but a propoſition expreſſing in 
ſymbols, or the language of algebra, the very 
ſame ideas, ſuppoſitions and inquiries, that are 

expreſſed 


| 
| 
| 
| 
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expreſſed in the problem in words or comm®dy 
language? Any queſtion or problem therefore 
which produces an equation either of the form 
x + px = x, or of the form x* — px = x, will ad- 
mit of only one anſwer, But any qneſtion or 
problem, which produces an equation of the form 
9x — x* = r, will admit of two anſwers, unleſs 
there be ſome condition in the queſtion or pro- 
blem, which cannot be expreſſed in the equation, 
and which determines it to have but one anſwer, 
Thus, in the 2d of the foregoing problems the 
equation has but one poſitive root, and the pro- 
blem but one anſwer: But in the 5th problem, 
the equation has two poſitive roots, and the pro- 
blem two anſwers. If the number of gold coins 
had been reſtricted to have been leſs than the 
number of ſilver coins, the problem would have 
had but one anſwer, and yet the equation would 
have had two poſitive roots, for the method of 
folution would have been the ſame: And in this 
caſe there would have been a condition in the 
problem, which could not have been expreſſed 
in the equations.“ | 

IF it be left indifferent whether x or y be the greater of the two 
unequal parts, into which 20 is divided, we muſt take tbe root of the 
equation, y*—20y + 100==25, to be both y—10=5, and 10—y=;, 
or (which is the ſame thing) y—=10=>+g. If y be determined to 
denote the greater, we muſt take the root of the equation to be 


y—10==;, becanſe then y will be leſs than 10: and if y be determin- 
ed to denote the leſs, we muſt take the root of the equation to be 


I9—y =; 
If, 
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If, when one of the values of the unknown 
quantity in the final equation is negative, a ſyms 
bol with the negative ſign prefixed be ſubſtituted 
in the equations derived from the problem, for 
the ſymbol contained in that final equation, and 
in the ſame manner other ſymbols with the nega- 
tive ſign prefixed be ſubſtituted for each of the 
other ſymbols, whoſe values, correſponding with 
the negative value in the ſaid final equation, are 
negative, theſe equations will be converted into 
others, in which the poſitive values of the ſyms 
bols, will be the ſame,* as to magnitude, as the 


For let certain equations involving the ſymbols 2, y, &c. be thug 
transformed by ſubſtituting —=z for 2 y for y; &c. then, whatever 
would reſult from ſubſtituting in the former equations known poſi - 
tive quantities, + a, + b, &c. for 2, y, &c. the ſame mutt reſult 
from lubſtituting in the transformed equations = @, — b, &c. for 
2, y, Kc. And whatever would reſult from ſubſtituting in the 
former equations for z, y, &c. —a, —b, &c, the ſame muſt reſult 
from ſubſtizuting in the transformed equations for 2, y, &c. 
+8, +b, &c. Therefore whatever poſitive quantities would juſtify 
the former equations, the ſame quantities taken negatively would 
juſtify the transformed equations ; and pice verſa : or the poſitive 
values of 2, y, &c. in the former cquations are the negative values 
of z, y, &c. in the transformed equations. For example, becauſe 
in the equations K Ty TYG, and x—y=1, the poſitive values of 
x and y are 2and x reſpectively, and the negative values —3 and —4 
reſpectively, it follows that in the equations, which reſult from ſub- 
ſtituting —x for x, and —y for y, viz, the equations xy—x—y=;, 
and y—x=r, the poſitive values of x and y are 3 and 4, aud the 
negative values —2 and —1 reſpectively. 

negative 


248 QUADRATIC EQUATIONS, 


negative valnes of the ſymbols in the former equa- 
tions, and vice verſa; and theſe poſitive values 
will be the anſwer to that problem, whoſe condi» 
tions are expreſſed. by the transformed equations, 


Hence it appears that the negative root of a 
quadratic equation is (as to its magnitude) the 
anſwer to ſome problem ſimilar, (on account of the 
ſimilarity of the equations before and after tranſ- 
formation) to that, from which the equation 
was derived, The two problems will generally 
convert one into the other, by changing one or 
more words into their contraries, as gain into loſs; 
progreſs into regreſs; increaſe into decreaſe ; and 
the like, Thus, in the equation to the 1ſt pro- 
blem, if — x be ſubſtituted for , it becomes 


— Xx II — X 
— 2 . 
2 


— 


— 


4X 15 — 4 
2 


= x*, where the poſitive value 


XI5— Xx 


* . = * 
of æ is > but the equation = 4 10 


ſtatement of the conditions of the following pro- 


blem : 


* What tuo numbers are thoſe, whoſe ſam is 15, 
and half whoſe product is equal to the cube of the 
. leſi,? 
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leſi.* Which problem is therefore anſwered by 
the negative value of æ in the iſt problem. 


In the equation to the 2d problem if — z be 


122 2 15 


ſubſtituted for x, it becomes — 


or — = So + 1, where the Wa value of z 

X = 4 T | 
is 20, But this equation is a ſtatement of the 
conditions of the following problem. A farmer 
ſold a certain number of oxen for 8o guineas ; had he 
fold four leſs for the ſame ſum, he would have re- 
ceived a guinea a piece more for them, Required 
the number of oxen * Which problem is there- 
fore anſwered by the negative value of & in the 
2d problem, 


In the equation to the 3d problem z+230 is the 
expreſſion, for which two values are found, (one 
of a poſitive form, and the other of a negative 
form) from the reſolution of the quadratic equa- 


„ x, in the above equation, will neceſſarily repreſent the teſt of 
the two numbers; whoſe ſum is s 15, becauſe otherwiſe x XT5—x 
X 
wpuld be leſs than &, ad EE ie ran =, conſequently x3 
would be Jeſs than © , and x leſs than =; or the greater of two 


numbers, whoſe ſum is 15, leſs than =; which is abſurd. 
K k tion ; 


323 it 


| 
| 


_ — — 


2 4 * 


— r — ——w» rune Oe. oo ol 4 ʃ—“ũ—V!. 
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tion; ſubſtituting therefore — x - 30 for X + 20 


the equation becomes 


S 
—30 —x+30 30-x x+30 


in which that value of z, which would be derived 
from the poſitive root of the reſulting quadratic, 


4Xx+30) 1 9 * 30 E is 6. But the above 
equation is a ſtatement of the 4th problem, which 
is therefore anſwered by that value of z, which 
is derived from the negative root of the quadratic 
in the 3d problem; i. e. from the equation 


2Xx + 30 = — 3Xx 36. 

In a ſimilar manner it may be ſhewn that the 
value of z, obtained from the negative root of 
the quadratic in the 4th problem, i. e. from the 
equation 2 * x + 30 = — 3X30 — x, muſt neceſſa- 
rily be the anſwer to the 3d problem, 


In the equation to the 6th problem, if —z ha ſub- 
ſtituted for z, it becomes x +200x = 1500 where 
the poſitive value of x is 300; but this equation 
is a ſtatement of the following problem: | 


QF tradeſman having gained 200l. found that if 


for each pound of his preſent worth there were ſub 


ftituted his original fortune, he ſhould be worth 
* 
1500l. 


* 0 
9 = * * «© - - 


KWP 
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1500l._ Required his original fortune f. r of 


the * following problem : 

A tradeſman having loſt 2001. found, that if for 
each pound of his debts, there were ſubſtituted his 
debts previous to the loſs, they would amount to 
1500/, Required the amount of his debts &” Which 
two problems are therefore anſwered by the ne- 


gative value of x in the 6th problem. 


When the roots of an equation are found to be 
impoſſible, no ſuch transformation of the problem 
can give them any fignification,—In this caſe the 
conditions of the problem are inconſiſtent with 
each other, or ſuch as never either did, or could 
take place, Thus, if in the 5th problem 270 were 
ſubſtituted inſtead of 170, the roots of the equa- 
tion would be found impoſſible, and the problem, 
if given as a circumſtance which really did take 
place, would be falſe or miſtated, and if given as 
a fictitious caſe would be abſurd ; fer 20 cannot 
be divided into two parts, the double of whoſe 
product is greater than the double of 19 * 10. 

In this and the like inſtances; the abſurdity 
may be diſcovered, either by confidering the ne- 
ceſſary limitations of the conditions of the pro- 
blem, or by reſolving the equation; for the finaÞ 
equation will "ay involve . impoſſibls 
expreſſion, K 

* There is-likewiſe another problem (6milar to problem 6th) of 
which the equation * 200 = 1500 is & ſtatement. And the fame 


thing may be obſer ved of moſt equations. - a4 mon 
K k 2 CHAP 


—_ 


CHAPTER Ix. 


OF RATIOS. 


251. AT IO is the relation which one quan- 
tity has to another in reſpect of mag - 

nitude. The idea ariſes from conſidering what 
multiple, part or parts the one magnitude is of 
the other, When one magnitude is known to be 
the ſame multiple, part or parts of a ſecond mag- 
nitude, that a third is of a fourth, there is evi- 
dently a certain relation between the firſt and ſe- 
cond magnitudes, which obtains alſo between the 
- third and fourth; this relation is called Ratio, 
and in common language, Proportion,” —there 
being ſaid to be the ſame proportion between the 
third and fourth as between the firſt and ſecond, 
If, on the contrary, the third be not the ſame 
multiple, part or parts of the fourth that the firſt 
is of the ſecond, then the relation we are ſpeaking 
of is not the ſame between between the third and 
fourth, as between the firſt and ſecond, Thus, if 
any two magnitudes be denoted by A and B, the 


| 
. ratio of 4 to half A coincides with the ratio of B 
1 to half B; but the ratio of 4 to half A is different 


A | from the ratio of B to a third part of B. 40 
; Hence 
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Hence it immediately appears, that equality be- 
tween the differences of the terms in different ra- 
tios is not the characteriſtic of equality in the ra- 
tios; for the difference between A and half A is 
half 4; and the difference between B and half B, 
is half B; but between half 4 and half B there 
may ſubſiſt any degree of inequality whatſoever ; 
indeed they cannot be equal, if 4 and B denote 
two different magrfitudes; and on the other hand, 
although the difference between 4 and 4 + C'is 
the ſame as the difference between B and B + C, 
yet the ratio of A to A + C is different from the 
ratio of B toB + C, 


Thus, the ratio of 2 to 1 is the ſame as the ratio 
of 10 to 5, becauſe 2 is the ſame multiple of 1 
that to is of 3, viz, the double of it; yet the 
difference between 2 and 1 is much leſs than the 
difference between 10 aud 5, On the other hand 
the ratio of -9 to 10 is different from the ratio of 
99 to 100, although the difference between 9g and 
io is the ſame as the difference between g and 1-0, 
for 9 is but 9 1oths of 10, whereas 99 is a much 
greater part of 100.“ 


The idea of ratio is eaſily diſcriminated from all others, and is 
indeed common in the minds of moſt men, being very frequently 
excited by the occurrences of life ; and were it otherwiſe, no mathe- 
matical demonſtration would be in the leaſt invalidated, for *equality 
of ratio,” or ſameneſs of ratio,” is, after all, only a phraſe, uſed 
to avoid prolixity, denoting a certaiy hy potheſiz———yiz, that of the 

ſour 


5 
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252. Def. If of four quantities the firſt be 
the ſame multiple, part or parts of the ſecond 
that the third is of the 4th, the ratio of the 
firſt to the ſecond is ſaid to be the ſame as, or 
equal to, the ratio of the third to the fourth. 


253.Ratios are generally expreſſed by two points 
placed between the terms, Thus the ratio of a 
to b is expreſſed by a: J. The former term (a) 
is cal'ed the antecedent, and the latter term (b) is 
called the conſequent, The ſimilarity or equality 
of two ratios js expreſſed by four points placed 
between the ratios, Thus, if the ratio a : b be 
the ſame as the ratio c: d it is expreſſed by 
#:b::c:d, which is read thus: ais tobasctod, 


254. Two equal ratios conſtitute what is called 
a proportion, and the four terms are ſaid to be 
proportionals, In the propoſition, the firſt and 


four quantities nnder contemplation, the firſt and third are the ſame 
multiple part or parts of the ſecond and fourth reſpectively: and 
the following demonſtrations only ſhew,- in what inſtances this con. 
dition obtains. | 

It may be further obſerved, that as the propofitions do not at all 
depend on any abſtract idea annexed to the word“ ratio,” they might 
all of them be both enunciated and demonſtrated without uſing that 
or any other word of ſimilar import. For example, the article 
might be enunciated thus: 

* If @ be the ſame multiple, part or parts of 6 that e is of d, a 
will be the fame multiple part or parts of c that ô is of d.“ 


laſt 


8 a8 — — 
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laſt terms are called the extremes, and the ſecond 
and third, the means, 


255. A proportion may conſiſt of but three dif- 
ferent terms; for the conſequent of the firſt ratio 
may be the antecedent of the ſecond ratio, 


256. If four quantities be proportionals, the 
quotient of the firſt. divided by the ſecond, is 
equal to the quoticnt of the third divided by 
the fourth. For, if 4: 6: : c : 4, then fince 

6 | | 
5 
4 by the definition, or e = -xd 


xb, or a is a bth parts of b, c is @ bth parts of 


„. dividing by d, - = 5 


257. If, of four quantities, the quotient of the 
firſt divided by the ſecond, be equal to the quoti- 
ent of the third divided by the fourth, the quan- 
tities are proportionals. 

„ i 

For if > 2 7 xd; but a= 7 *. 

5. (by the definition) a: 6: : c: d. 

258, In a proportion the product of the extremes 
is equal to tlie product of the means. 


For 42 - Xb, * if the four terms be propor- 


The equality of theſe quotients is, by many writers, made the 
<riterion of proportionality. 
& tional, 
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tional, c = - xd, and (multiplying by b) ad = be. 

259. Cor, If the two mean terms be equal, the 
product of the extremes is equal to the * of 
the mean term. 


260. Any three terms in a proportion being 
given, the fourth may be determined from the 
equation, product of extremes product of means, 


If there be but two different terms in the pros 
portion, any two being given, the third may be 
determined from the ſame equation, 

261, If two products be equal, the four factors 
form a proportion, when placed in any order ſo 
that the one product forms the mean terms, and 
the other the extreme terms. 

For let ad = bc, 


Then @ = —xb;but e = —x 4A4:b::c:d. 


Again, b = = x a; but d= 1 „ ze d: e 


Again, a = 2 xc; but b 2 xd A6 22128 


2nd in the ſame manner it may be ſhe wn of the 
remaining orders: 

262. Cor. 1ſt. If four terms be proportional, 
they are proportional alſo when taken inverſely, 
or the ſecond is to the firſt as the fourth to the 


third. $ 


263. cor. 
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they are proportionals alſo when taken a/fernazely, 
or the firſt is to the third as the ſecond to- bike 
fourth, ' © voce j 


264. Ratios that are equal to the ſame ratio. 
are equal to one another. 

For if a: 6: : d and e: 4: : 7 then be. 
cauſe a is the ſame part, multiple or parts "of b 
that c is of d, and whatever part, multiple or parts 
c is of a, the fame is e of 5, a muſt Wide ſame 
part, multiple or parts of 5 that e is of . 6 
2612 2 f * — 3229 

265. If the terms of a ratio be d 
the ſame quantity, the ratio will not be altered. 

For let the ratio be ab, and let denote any: 
number whole or fractional. Then whatever 
part, multiple or parts @ is of b, the ſame muſt 


ma be of mb, 
„ 4: 6: 1 


266. If four terms be proportionals, they will 
alſo be proportionals in the following caſes: -, 
rſt, If the firſt and ſeoond terms be - multiplied: 
or divided by the ſame quantity. 2dly. If all the 
terms be multiplied or divided by the ſame quan- 
tity. Zadly. If the firſt and ſecond be multiplied: 
or divided by any quantity, and the third and 
fourth by any other quantity. Athly. If the firſt 
and third be multiplied or divided by any quan- 
tity, Sthly. If the firſt and third be multiplied: 
| L 1 or 


N 
! 
1 
| 


or divided by-any quantity, and the ſecond” and 
fourth by any other quantity, 

For let a:b::c:4d, and let m and n eopraſent 
any two numbers whatſoever whole or fractional. 
Then in the ſame manner as the two preceding 
articles were demonſtrated, it may be ſhewn, that 

ma:mb::c:d; ma: nb: : mc: md: 

ma: nb: : nc: nd; ma: b:: n: d 

and ma: ub: : mc: nd. | 
The ſame concluſion may alſo be readily de-- 
duced from art. 261, for in all theſe caſes the 
product of the extremes is equal to the product 
of the means. 


267. If four quantities be proportionals, their 
reciprocals are alſo eee 
For J = * · an and = = 75 (if a:b::c;d) 


b 


N . 1 2.7 
157 . (by definition) 4.4 SS 


* 


* 


268. If four quantities be proportionals, their 
like. powers, or roots, or powers of roots will 
alſo be proportionals. For let a:b::c:4d, then 

* 
727 and r = , . : b*::":; d, where m 
may denote any number whole or fractional. 


269. If four terms be proportionals, the ſum 
of the firſt and ſecond will be to the ſecond or 


firſt as the ſum of the third and fourth to the 
four th 
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fourth or third, For let 4: 6:1 14, then 


* and e +d = + xd 


8+b=1t + 


= 1+ 3 * „(by definition) : b: c A. 


Again, a T 21 +=x azande 1 Ie. 
4 a+b:attc+d:c, 


270, If four terms be proportionals, the diffe- 
rence of the firſt and ſecond is to the ſecond or 
firſt, as the difference of the third and fourth to 
the fourth or third, For let a:b::c:d; then 


a U 1 a 3505 and cad 1 1 
„. by definition a a 5; :: 24: d 
and in the ſame manner it appears, that 
4 6:4 :: c= dz c, | 


271. Cor. to the two laſt articles, If a:b::c:d 
a +b:aab::c+d:c.a ad. 


272, If there be any number of equal ratios, as 
one antecedent is to its confequent, ſo is the ſum 
of all the antecedents to the ſum of all the con- 
ſequents. 

For let the equal ratios be 2: ö, c: d, e: %, &c, 


oe Os x | 
Then e "ae enen 
2 4 c 0 a 

L1z2 y a 


5 * 
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xe Jr gy a po" SW = 7 


5; by d @; 5 Le Ae. 0 4 4 Tee, 


+273. If the correſponding terms,of two or more, 
proportions be multiplied together, the reſulting 
terms will be proportionals, 
For, let a:b::c: d, and e: tft: 45 : h, 
=£ 2824 
aſe DES AMEST = 
ae: Miu cg: fog and it is evident that the 
ſame method may be i to any number of 
proportions, . 


then becauſe 724 —, and a 


274, If there be two Fu of quantities, and the 
ratio of the firſt to the ſecond in one ſet be the 
ſame as the ratio of the firſt to the ſecond in the 
other ſet, and the ratio of the ſecond to the third 
in the former ſet be the ſame as the ratio of the 
ſecond. to the third in the latter ſet, and ſo on 
throughout, the ratio of the firſt to the laſt in 
one ſet ſhall equal the ratio of the firſt to the laſt 
in the other ſet. 


For let the firſt ſet conſiſt of the terms a, b, c, &c, 
and the ſecond ſet of the terms , u, p, Kc. 


And let 4: 5: min 
And 6:c::n:0v2 
then ab.: le le :: n: 15 (art, 273) 


„. (Art. 266, 4: : 2m 2 | 
| a Again, 
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Again, let : 4: 29 4 Fe | 
then ac: cd : ; mp : 9 
„a: c:: 1:9 
And ſo on for any other number of terms. 


275. If there be a ſet of ratios 4: b, c: d, e:, &e, 
equal or unequal, and another ſet m;n, n: p, P:, &c. 
reſpectively equal to the former; and in which 
the conſequent of the firſt ratio is the antecedent 
of the ſecond, and the conſequent of the ſecond 
the antecedent of the third, and ſo on; then what- 
ever be the number of ratios, the ratio of the 
product of all the antecedents in the firſt ſet to 
the product of all the conſequents, is the ſame as 
the ratio of the firſt term to the laſt in the other 


jet, 


For let a:b::m;n 

And c:d::incp. 

then ac ; bd : (un: : 1p) m: 
Again, let e : 7 „ 


Then ace: bdf (:: mp: pg) m: q. &e. 

OH. M ande may be taken equal to à and 
b -retpectively ; for they repreſent auy quan- 
tities whole: ratio is the ſame as the ratio of @. 
to b, | 


— 
x 
* 


276. Cor. When any number of terms are con- 
tinued proportionAls, the ratio of the firſt term to 
the third is equal to the ratio of the ſquare of the 
firſt to the ſquare of the ſecond ; and the ratio of 

| | | the 
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tha firſt to the fourth is equal to the ratio of the 
cube of the firſt to the cube of the ſecond; and 
ſo on. | 
For if a : 5: : 5: 
Then ſince a; b;:a; 
And 4a : 3:23 


4 :( 2: 4b: GS) :: tb 
And 4232 6 2 4 


* a) : (: ac. cd): : 4 
Fc 9 ( a) 

277. Def. Of any number of terms placed in any 
order, the firſt is {aid to have to the laſt a ratio 
compounded of the ratio which the firſt has to the 
ſecond, and of the ratio which the ſecond has to 
the third, and ſo on to the laſt term. Thus, any 
ratio a: mM is ſaid to be compounded of the ratios 
a:b, and b;m, or of the ratios a: c, c: h and b: m, 
or of any other ratios whatſoever, provided the 
firſt antecedent be a, each other antecedent be 
the preceding DN and the laſt conſequent 
be m. | 

278. O5, Properties relative to the interme · 
diate ratios being found to attach to this ratio of 
the extreme terms, the name © Compound ratio” is 
given, to avoid cireumlocution in the enunciation 
and demonſtration of propoſitions. 

For example, art. 274, by means of this name 
is more briefly enunciated thus: © Ratios comp 


pounded of the ſame ratios are equal,” 
Which 
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Which might at firſt ſight ſeem ſelf-evident, as 
if by it were meant, that equal things put toge- 
ther formed equal reſults; but © compound” is 
only a technical word expreſlive of a certain hy- 


- potheſis, as explained in the above definition, 
See S1nSoN's EUCLID, Note in Prop. 23, B. 6. 


279, Def. In a ſeries of continued proportion- 
als, the firſt term is ſaid to have to the third the 
duplicate ratio of that which it has to the ſecond; 
and to the fourth the triplicate ratio of that 
which it has to the ſecond ; and ſo on. And con- 
verſely, the firſt term is ſaid to have to the ſe- 
cond the ſubduplicate ratio of that which it has 
to the third; and the ſubtriplicate ratio of that 
which it has to the fourth; and ſo on. 

Thus, H 4: :: :e: :e 4 :: &e 
a4 ; c is the duplicate ratio of 4: 6 

a : d is the triplicate ratio of @ : 6 
and converſely 4: 6 is the ſubduplicate ratio of 
a: c, and the ſubtriplicate ratio of a: d. 

Obſ, Duplicate ratios, triplicate ratios, &c, are 
particular caſes of compound ratio, viz. that caſe 
where the ratios , compounded are equal among 
themſelves. For the ratio : c is compounded of 
the ratio a: h and b: e; and the ratio a: d is com- 
pounded of the ratios 3: 5, 5: c and e: d. See 
art. 277. | | 

280. Cor. The duplicate ratio of a: h is equal to the 
ratio 4 :6* ; the triplicate ratio of 3: þ is equal 
tos 
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to the ratio a': b*;-&ec, And converſely the ſab- 
duplicate ratio of 435 is equal to the ratio al: 1 
and the ſubtriplicate ratio of a: b is equal to the 
ratio at: I, &e, See art. 276. 


or RATIOS CONSIDERED AS QUANTtTY,' 


_ 281, Every quality, property or relation, which 
having a general name, excites differently modi- 
fied ideas in different caſes, is ſubject to menſura- 
tion, by means of an arbitrary definition.“ | 
- Among 


Whatever excites an idea, or has 4 name, may be ſuppoſed re- 
peated, and the number and law of the repetitions be made the ſub- 
ject of mathematical inquiry; but excepting lines, ſurfhces and ſo- 
lids, nothing which preſents itſelf to the mind as ane and entire, is, 
in its own nature, diviſible into parts homogeneous to the whole, 
end to one another: therefore no two things of the ſame denomina- 
tion, except two lines, or two ſurfgces, or two ſolids, can, by their 
© own nature, and without a definition, be compared together with re - 
ſpe to magnitude, For inſtance, if there be two ſubſtances having 
the property called ſmoothneſs, but ſo as to convey a different ſen- 
fation ; the one ſmoothneſs is (by analogy) ſaid to be greater than 
- the other, but how much the greater ſmoothneſs exceeds the leſs, 
eannot be determined, except by means of ſome artificial definition. 
One ſmoothneſs does not preſent itſelf to the mind as ES! or triple, 
&c. of any other, but only as different. 


Again, If there be two different heats, the more Sent of the 
two is (by analogy) called greater than the other, but how much 
the greater exceeds the leſs, is not cognizable from the nature of the 
thing ; and can only be determined by an artificial ſcale, affuming 
what effects ſhall be the meaſures of equal portions of heat. 

To 
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Among the things, which have been thus ſub- 
jected to menſuration, are Ratios, Analogy in 
ſome degree points out the ſcale, but not ſo clear- 
| ly as to ſupercede the neceſlity for a definition; 
for though it readily appears, that ratios ſimilar 
according to the definition in art, 252 muſt be 
put equal in magnitude, it does not readily ap- 
pear what alteration in the terms of a. ratio 
ought to be conſidered as doubling it or tripling 
it. On the firſt conſideration it might ſeem, that 
of two magnitudes compared with a common 
ſtandard, if one contained the ſtandard twice as 
often as the other, its ratio to the ſtandard ſhould 
be called double the ratio of the other; if thrice, 
triple; &c, or, (which is the ſame thing) that 
the magnitude of a ratio ſhould be proportional 
to the magnitude of the fraction whoſe numera- 


To take one inſtance more. Differently conſtituted angles excite 
different ideas, but are not of themſelves ſabjeR to meaſure; although 
the idea of an angle, and of the ſurface included between the lines 
which form the angle, are ſo connected, as to render it almoſt impoſ - 
ſible to miſtake what is meant by equal angles, double angles, &c. 
The formal definition would be as follows : Two angles are ſaid to 
be equal when, if the two angular points be placed together, and one 
line of the one angle laid along one of the lines of the other angle, 
the remaining line of the former angle will lie along the remaining 
line of the latter angle. And one angle is ſaid to be double, triple 
or any other multiple of another angle, when by drawing one, or two, 
or any other number of lines from the angular point, between the two 
lizes of the one angle, there may be formed two, or three, or any 
other number of angles, equal among themſelyes, and to that other 


angle, (See MASERrEs' TaIGONONETRY, p. 209.) 
M m tor 
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tor is the antecedent, and denominator the conſe- 
quent of the ratio. 


Thus it might ſeem that the ratio 8: 2 ſhould 
be called double the ratio 4 : 2, becauſe 8 contains 
2 twice as often as 4 does. But theſe conſidera- 
tions are perfectly nugatory ; for the ſole uſe and 
intention of a definition of double, triple, &c. ra- 
tios is to expedite mathematical reaſoving ; and 
this intention will be found to be beſt conſulted 
by a definition yery different to that which would 
reſult from the above conſiderations, 


282, Def. Ratios, ſimilar according to the defi- 
nition in art, 252, are equal in magnitude, 


283. Def. If there be any number of continued 
proportionals, the magnitude of the ratio of the 
firſt term to the third is double of the magnitude 
of the ratio of the firſt term to the ſecond ; and 
the magnitude of the ratio of the firſt term to the 
fourth is triple of the magnitude of the ratio of 
the firſt term to the ſecond ; and fo on. And con- 
verſely, the magnitude of the ratio of the firſt 
term to the ſecond is half the magnitude of the 
ratio of the firſt term to the third ; and a third 
part of the magnitude of the ratio of the firſt 
term to the fourth; and ſo on,* | 

Thus, 


This definition might have been given as follows: © The ratio 
”m 
of a to —— ths of = ths of & is double of the ratio of a to = the of 


az 


. 
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Thus, if a, 6, e, &c. be continued proportion- 
als, or 3: 5: 25611 ο¼ùꝝ1ꝛ d:: d: e:: &c. the ratio 
(a: c) =2X(a:b);(a:d)= 3X(s; b); a:e=4Xx(8: b); 
&c. anda; * (a: c) ** d) = &c, 

If t be put to denote the ratio 4:5, then 
(a: eg 27; (6:6) = at; &c, 

234. The double, triple, &c. of a ratio (according 
to the above definition) is the ſame as the dupli- 
cate, triplicate, &c, of the ſame ratio, according 
to the definition in art. 279. Hence, by art. 280, 
the double of any ratio is equal to the ratio be- 
tween the ſquares of the terms; and the triple of 
any ratio is equal to the ratio between the cubes 
of the terms; &c. And converſely, the half of 
any ratio is equal to the ratio between the ſquare 
roots of the terms; and the third part of any ra- 
tio is equal to the ratio between the cube roots 
of the terms; &c, 


Thus twice the ratio 2: 3 is equal to > the ratio 
4:9; and three times the ratio 2: 3 is equal to 
the ratio 8: 27; and 4 times the ratio 2:3 is 
equal to the ratio 16: &1 ; and m times the ratio 
2 3 is equal to the ratio 2“: 3g”, 


a; and the ratio of a to 5 ths of — ths of = ths of à is triple of | 


the ratio of a to 55 ths of az &c.“ 


Forifa:b::b: ; 6. and b & — = Xa, c ==> 
3 m | 
— 75 2 4 and 628 n= b = * * Xaz &c, 


NM m 2 It 


—— —_ — 
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It appears from art. 274, that the like multiples 
of two equal ratios will be equal, and that the 
like multiples of two unequal ratios will be un- 
equal ; therefore the definition is conſiſtent with 
itſelf, 

285. From the above definition any part, multiple 
or parts of any propoſed ratio may be determined, 
For example, if three halves of the ratio 3: b be 
required, let be a mean proportional between 
a and b, and a third proportional to r and 5 
then 4: is the ratio required. For if 
a zr 27110: 252, (a:) 1 (4:6) by defini- 
tion; and (a: 4) = 3x (a: 5). | 

* (a: = 3x3 (6:)= 3 x(s:0). 


And in the ſame manner "ths of the ratio a:6 
n 


is found by inſerting »— 1 mean proportionals be- 
tween à and 6, and continuing theſe proportionals 
(if neceſſary) till there be mz ratios; then the ratio 
of a to the conſequent of the mth ratio is the ra» 


. m 
tio required, or - ths of a : 6, 
7 


286. If a: : b:: b 15, a: = (af: 61); and 
(a: 5) = (a: ) = (G': TI 2 (al : bx) 
1, e. three halves of any ratio is equal to the ratio 


of the 2 power of the terms, In general =ths of 
3 


m m 
any ratio a: þ is equal to the ratio 27: 7. For 
one 


oo, AE I oo 
one nth of the ratio a:b (or the ratio of a to the 
firſt of n— 1 mean proportionals between à and 3) 


I i I * 

is equal to a” : 3, and m times the ratio 47:47 

m W I L 

is equal to the ratio 47 : 07; but ſince a» : þ3 
' LY 

is an nth of a: b, n times a» : b» is — ths of a: b, 


mM 2222 
„. —X(a:b) Sa:. 
* 
For example, two thirds of the ratio 8 : 27 
is 81: 271, or 4:9. 


287. Any root of a whole number or improper 
fraction is greater than unity. But ſo high a root 
may be taken, that the difference between it and 
unity ſhall be leſs than any propoſed quantity. 


The firſt part of the article is evident, and the 
latter part may be proved as follows: 


Let a denote any whole number ; and if it be 


poſlible let 1 be ſo ſmall a fraction, that there can 


be no root of à but what ſhall exceed 1 + — Then 
— L 


I | ; 
4 : I 
ſince a» muſt neceſſarily exceed 1 + = howſoever 
r 


CE 
great n be taken, a muſt neceſſarily exceed 1+ 4 | 
F 


or 1 + nr + &e, but whatever r and @ be, n may 
be taken ſo great that 1 + mr + &c, ſhall exceed a, 
: which 
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which is contrary to the ſuppoſition; therefore 


the ſuppolition is abſurd ; and a may be leſs than 
14 *. 
r 


Hence = "ET. may be leſs than I +=; for 


4 ” js leſs than 5 7 


——=F}7 may; and <7 5 


288. Any root of a proper fraction is leſs than 
unity; but ſo high a root may be taken, that the 
difference between it and unity ſhall be leſs than 
any propoſed quantity. | 


For let — ; denote any proper fractions; 


then ſince © =]; may be leſs than — 8 how ſo- 


ever great er be taken, 


” is 
2 EL may be greater 


1 1 
or 1329 
r 


than 
— 
289. The leſs any ratio is the nearer do its 
terms approach to equality; and ſo ſmall a part of 
any propoſed ratio may be taken, that the diffe- 
rence of the terms ſhall be leſs than any ee 
part of either of them. | 
For let any ratio be denoted by @ : b; ; then an 


1th part of the ratio, or the ratio of à to the firſt 
of 
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of n — 1 mean proportionals between @ and 6, is 
equal to 42 : 57, but n may be taken ſo great, that 


the difference between a and 1, or 67 and 1 ſhall 
be leſs than any propoſed quantity; conſequently 
n may be taken ſo great, that the difference be- 


tween 47 and bf ſhall be leſs than any propoſed 
part of as or of b5, 


290, Cor, The magnitude of a ratio of equali- 
ty, or ratio, whoſe antecedent and conſequent are 
equal, is nothing, For © is the limit to which any 
magnitude approaches by being continually de- 
creaſed, and equality, it appears by the above, is 
the limit to which the terms of a ſmall part of 
any ratio approach, by taking that part to be leſs 
and leſs continually.“ 


291. Ratios are of two kinds; Ratios majoris 
inequalitatis,. or where the antecedent is greater 
than the conſequent; and Ratios minoris inequali- 
fatis, or where the antecedent is leſs than the 
conſequent, 


292. Any part, multiple or parts of a ratios 
majoris inequalitatis is allo a ratio majoris inæ qua- 
litatis ; and any part, multiple or parts of a ratio 
minoris inequalitatis is alſo a ratio minoris ine gua- 
litatis, | 

* Aliter, Let a: a d; then : a" = nd; but a": a 2 424 
4. . Md. | 

For 
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For let a : b denote any propoſed ratio; and m 
nths denote any multiple, part or parts, 


Then if a be greater than b, a" is greater than 


5. and if a be leſs than 6, as is leſs than 57; but 


a7: 67 is equal to m nths of the ratio 4: 6. 


293. Hence it appears, that if any poſitive quantity, 
t, be aſſumed as the meaſure of the magnitude of 
ſome certain ratio majoris inequalitatis, ac: a, 
any other propoſed poſitive quantity will be the 
meaſure of ſome other ratio majoris inequalitatis, 
as being ſome part, multiple or parts of f. 


For example, let s denote any other poſitive 


OT | 
quantity; then g being 7 parts of F is the meaſure 


. . > # 
of a ratio which is 7 parts of a + c: a, or of the 


ratio a+c| 7 :a * That is, ratios majoris inægua- 
litatis employ for their meaſures all poſſible de- 
grees of magnitude from the leaſt to the greateſt. 
And in the ſame manner it appears, that if a poſi- 
tive quantity be aſſumed as the meaſure of any 
ratio minoris inequalitatis, any other propoſed po- 
fitive quantity will be the meaſure of ſome other 
ratio minoris inequalitatis, Or ratios minoris in- 
@qualitatis do alſo employ for their meaſures all 
poſſible degrees of magnitude from the leaſt to the 

greateſt, 
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greateſt, So that if poſitive quantities were put 
for the meaſures of both kinds of ratios, this 
would happen—viz, that one meaſure would 
belong to two ratios, Hence it is found conveni- 
ent to aſſume poſitive quantities as the meaſures 
of one kind of ratios, and negative quantities as 
meaſures of the“ other kind; according to the 
following definition: 


294. Def. The magnitudes of ratios majoris inæ/ 
qualitatis are meaſured by poſitive quantities, and 
the magnitudes of ratios minoris inequalitatis are. 
meaſured by negative quantities; and that quan- 
tity, which, when taken poſitively, is aſſumed 
the meaſure of the ratio a + c : a, when taken ne- 
gatively is the meaſure of the ratio a:a + c. f 


295. Cor. To add any ratio is the ſame as to ſub- 
tract the inverſe ratio; and to ſubtract any ratio 
is the ſame as to add the inverſe ratio. 


It is entirely arbitrary which kind of ratio be meaſured by 
politive quantities, and which by negative. 


+ It would be conformable with this and the previous definitions 
to call ratio, The (relative) preponderance of one quantity over 
another,” for when the preponderance of the antecedent vaniſhes, 
the magnitude of the ratio paniſhes, (ſee art. 290), and when, by a 
ſtill further diminution' of the antecedent, the preponderance is con- 
verted into deficiency, or inclines to the other term, (by this defini- 
tion) the magnitude of the ratio becomes negative, | 


Nan "2: ape of 
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296. If 2: b be poſitive, a *: r is negative. 
For a : "a I $32 PA which is a ratio mi- 

noris inequalitatis, if @ be greater than b, (art. 292.) 
And in a ſimilar manner it appears, that if @ : ô be 


negative, a 5:07 is poſitive, 


297.If two ratios be compounded according to the 
definition in art, 277, the. reſulting ratio is the 
Algebraic ſum of the two ratios; i, e, when the 
two ratios are both of the ſame kind the reſulting 
ratio is a greater ratio of the ſame kind, whoſe 
magnitude is the ſum of the magnitudes of the two 
ratios; and when the two ratios are of oppoſite 
kinds, the reſulting ratio is of the ſame kind as 
that, whoſe abſtrat magnitude is the greater (or 
whoſe inverſe ratio is greater than the other ra- 
tio) and its magnitude is the difference of the ab- 
ſtract magnitudes of the two ratios, For, 


1ſt, Let the two ratios be of the ſame kind, both 
poſitive or both negative, and equal to the ratios 
a: h and c: dq; then their compound ratio is equal to 
ac: hd (art. 275). Now e: dis ſome multiple, part or 


parts of a: b; let it be = ths; then c: d:: a7: 57 
| 7 


and ac: bd = a 4 :bxbs 4 077 = 


1 + 7 670 = (a: 5) + = X(@: b)= (a: Y) e: d) 
| 2dly, Let - 
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2dly. Let the two ratios be of different kinds, 
and equal to 4: bande : / and let a: b be the 
greater of the two, i, e. greater than /: e; then 


f : e is ſome part or parts of 4: 5; let it be = ths; 
then I: e:: 4: and e: :: 4 x:b 5; 


4, ac;bf=a 3 b ©, which is a ratio of the 


+ 


ſame kind as @ : b, becauſe, by ſuppoſition, wy is 


leſs than 1, and conſequently 1 == a politive 


index (ſee art. 292); but @ *: 3 — 21 —=X(a:b) 


=(a:6) — =X(@: b) =(a:b) = (fie) =(a:b) ＋ 0. 


298. Cor. Hence to add ratios, multiply the 
antecedents together for a new antecedent, and' 
the conſequents together for a new e 


Ex. (2:3) +(2:3)=4:9; (1:2) T 623 

= (2:6); (3:5) + (5:3) (15: 15) = 0. 

299. Cor. ad. Converſely, to ſubtract one ratio from 
another, take the quotient of the antecedents for 
a new antecedent, and the quotient of the conſe- 
quents for a new conſequent, —making the terms 
of the ratio to be ſubtracted the diviſors, Or 
add the inverſe of the ratio to be ſubtracted. 

Ex. (4:9) — (2:3) AN 3 or) 4X3;9X2); 
(5:4) = (1:2) = G or) 6 4z + 
(1:2) =(2:1)=21: 43 (3:1) (3 21) 0: 1) 0. | 

Nn 2 297. A 
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300. A ratio is multiplied by any whole num- 


ber or fraction, + - „by raiſing its terms to the 
power of £ 2. 
| n 
KF» EB: .-: 8 
For let (a:b)= + t; then (a* : 7 g x +7, 
. n 


(art. 286); and (8 : * * = (bs 47 = 


7 n 


301. Converſely, a ratio is divided by any 


whole number or fraction, 4 5 by taking the 
+ = root of its terms, . by raiſing them to the 


n 


;} 29& 8 8 

For if (a: 1) t, . * ") = 

+ 2x +t(by laſt art.) 2 K 4 + Z. 
3 : 7 

302. If two poſitive ratios have à common con- 
ſequent, that is the greater of the two, which 
has the greater antecedent; and if two negative 
ratios have a common antecedent, that is the 
greater of the two, which has the greater conſe- 
quent. (See art. 289). 

Thus, 5: 3 is greater than 4: 3, and 3: 5 is 
greater than 3 to 4. 

303. If 
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203. If negative ratios be conſidered as Jeſs 
than politive ratios, and of two negative ratios, 
that be conſidered as the leſs, which is moſt re- 
moved from poſitive ratio, or whoſe inverſe ratio 
is leſs than the inverſe of the other ratio, then, 
univer/ally, if two ratios have a common conſe- 
quent, that is the greater of the two, which has 
the greater antecedent, 


Thus, for example, according to this confder- 
ation, the ratio 4:6 is greater than 2: 6, and the 
ratio 11 : 10 greater than 1: 10. s 

304.A ratio is leſſened by having the ſame quantity 
added to both its terms; and increaſed by having 
the ſame quantity ſubtracted from both its terms, 
For let the terms be a, anda + c; then if to a 
there be added x, and to a + c there be added a 
quantity whoſe ratio to x is the ſame as the ratio 
of a + c to a, the ratio will not be altered. Con- 
ſequently if only x be added to a + c, the ratio 
will be leſſened, (art, 289). 


Again, if from a and @ + c there be ſubtracted 
two quantities in the ratio of a to a + c, the ratio 
will not be altered; therefore if from a + c, the 
greater term, there be ſubtracted only as much as 
from a, the leſs, the ratio will be increaſed. h 

305. If negative be conſidered as I than poſitive 
ratios, a negative ratio may be faid to be increaſed 
by the addition of equal quantities to both terms, 
and decreaſed by the ſubtraction, © 


SCHOLIUM, 
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306. If, inſtead of the definition in article 283, the 
following definition had been aſſumed—* A com- 
pound ratio is the ſum pf the ratios compounded,” it 
would have followed, without any further defi- 
nition, that one kind of ratio muſt be poſitive and 


the other kind negative, For ſuch a definition 


would evidently have included that in article 283, 
and conſequently would have determined the mag- 
nitude of a ratio of equality to have been o. Since 
then it would have defined the ſum of a: b andb: a 
to be ab: ba, and would have determined ab:: ba 
to be o, it would have determined (a: &) to be 
equal to — (b: a). | 

But ſuch a definition, although more compre- 
henſive than that in art, 283, would not have been 
ſoadvantageous in point of perſpicuity,as it would 
have confounded under one name both addition 
and ſubtraction. Nor would it have admitted the 
ſubject to have been treated with more brevity ; 
as it would ſtill have been neceſſary to have re- 
ſolved it into the definition in art, 263, in order 
to have diſcovered what were meant by the double 


of a ratio, the triple of a ratio, &c. and in order 


to have found whether it were conſiſtent with 
itſelf, 


CHAP, 


ke 


tl 


CHAPTER X. 


Of PERMUTATIONS-and COMBINATIONS. 


307. HE different poſitions with reſpect to 
order in which things may be placed, 
are called their Permutations, 


Thus the Permutations of a, b, c, taken two and 
two together, are ab, ba, ac, ca, bc, cb, 


308. The different collections that can be form- 
ed out of things, without regarding the order in 
which they are placed, are called their Combina- 
tions, 


Thus, the comvinations of a, 5, c, taken two 
and two together, are ab, ac, bc, 


309. The number of things to be joined toge- 
ther in one parcel or collection, is called the 
Exponent of the Combination. 


Thus, if things be combined three and three 
together, the exponent of the combination is 3, 


310. The number of Permutations, which #= 
things, a, 6, c, &c. all diſtinguiſhable from each 
other, 
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other, admit of, taken two and two together, is 
— — 


n,n—1; taken three and three together, is 
n. 1 1. 1— 2; taken four and four together is 


n. 1 1. 12. 13; and in general the number 
of Permutations which » things admit of, taken 


r and r together, is 1. n—1 . n— £33 3% 


— — 
Set Sn RE Shed ann 7 


Demonſtration, Any one of the n quantities 
may ſtand firſt ; ſo that there are j different ways 
of filling the firſt place, 


Now which ever of the ni things ſtand firſt, 


there will be the remaining u- t things to make 
choice of, in order to fill the ſecond place; i. e. 


there will be n—1 ways c of filling the ſecond place, 


when @ ſtands firſt ; n—1 ways when b ſtands firſt ; 
and ſo on, through "all the n things, Conſequently 


there are 1. 1 1 ways, in which the two firſt 


places may be filled; or n , n—1 permutations of 
n things taken two and two together, | | 


Now whichever of theſe 1. n—1 ways of filling 


the two firſt places be adopted, there will be 1 
things remaining to make choice of, in order to 


fill the third place; i. e. there will be n- 2 ways 


of filling the third place when ab ſtands firſt; n—2 
ways wheu ba ſtands firſt ; and ſo on, through all 


the n. 1 1 quantities ab, ba, ac, ca, &c. Conſe- 


quently there are 1. 221. n—2 different ways 
in 
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in which the three firſt places may be filled; or 
n,n—1.,n—2 permutations of » things taken 
three and three together, And; in the fame man- 
ner, becauſe whichever of theſe n 11. 1 2 


ways be adopted in filling the three firſt places, 
there will remain 2-3 things to make choice of 
in order to fill the fourth place, it follows that 
there are n. n—1 ,n—2 . 13 different ways of 

— — 
filling the four firſt places; or u. 1 T. 12. 73 
permutations of u things taken four and four to- 


gether, &c, 


| EXAMPLES. 
The number of permutations which ſix different 
things, a, b, c, d, e, „, admit taken 4 and. 4 —_— 
is 6x 5x 4x3 or 360. | 


The number of permutations which three things 
a, b, c, admit, taken all together, is 3X2X1 or 6, 


The number which four things a, 6, e, d admit, 
taken all together, is 4X3ZX2X1 or 24. 


The number of changes which can be rung on 
ſix bells, is 6X5X4X3X2X1 or 720. 
— 
311. The number of combinations that can be 
formed out of n things, taken two and tuo toge- 


ther, is 2 — . ; taken three and three together, 


Oo : is 
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2 SG TO. an. 


is 1. 1 ; taken four and ſour together, is 
5 2 taken r and r together, is 
„ 

3 r 


For each parcel or combination, conſiſting of 
two things, admits of two permutations.; there- 
fore there are twice as many permutations as com- 
binations of n things taken two and two together; 


but the number of permutations is n. n—1 ; there- 
I 


fore the number of combinations is 2. — 

Again, each parcel or combination, conſiſting 
of three things, admits of 3. 2. 1 permutations ; 
(art. 310) therefore there are 3. 2. 1 times as 
many permutations as combinations of things 
Laken three and three together ; but the number of 


permutations is 2. n—1 , #—2; therefore the 


number of combinations is — _ o — 


In general, Each parcel or combination conſiſt. 


ing of r things, admits of . 121. 7-2 31 
pormutations (art. 310); therefore there are 


r. I. 12. ẽ 21 times as many permuta- 
tions as combinations of „ things taken r and r 
together ; but the number of permutations is 


1. 1 1. 1 1. iz therefore the 

— — 

. . . 1 22... 1 — 11 

number of combinations is — 
' 1.2.3 ᷑ k¼ 7 


312. The 
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312. The number of combinations ofen things 
is the ſame when taken * one at a time, as when 
taken all but one at a time; when taken two at a 
time, as when taken all but two at a time; and ſo 
on, For there evidently muſt be the ſame choice 
in electing one of the » things, as in omitting one 
of them; in electing pairs of them as in omitting 
pairs; &c, It is evident alſo from the conſtruc- 
tion of the above expreſſions; for x 


—̃ —„— 


Dre. 


1.2.3. 27 1. 1 1.2.39. — 2211 


and ..... _ Ke. 


122.32—E—＋Q210—2 2 


313. The total number of combinations that 
can be formed of n different things according to 
all the exponents they will admit of, (i. e. the ſung 
of all the combinations of the ſingle things, of all 
the combinations of two, of all the combinations 
of three, &c.) is 2" — 1. 


For a ſingle thing, a, forms one combination; 
the introduction of a ſecond, b, adds two more, 
—viz, b by itſelf and ab; the introduction of 2 
third, c, adds four more,—viz, c by itſelf and r 


* When things are taken ſingly, they cannot, in a trig ſenſe, be 
ſaid to be combined ; but it is convenient to include this caſe under 


the general name, for the ſake of avoiding a multiplicity of words. 


For the like reaſon it is convenient to conſider the total omiſſion of 
all the things as one ſpecies of combinatian, 


O o2 combined 
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combined with each of the former three ; the in- 
troduction of a fourth, a, adds eight more,—viz. 
d by itſelf and d combined with each of the former 
ſeven,* and in general the introduction of a new 
letter adds as many new combinations as there 
were combinations without it, and one beſides, 
Hence, the demonſtration may be reduced to this 
To prove that in the ſeries 1, 2, 4, 8, 16, &c. 
whoſe firſt term is 1, and each ſucceeding term 
of which is the ſum of all the preceding + 1, the 
3d ſum of x terms will be 2%”, 

Now that this is true at firſt, will appear evi- 
dent, from computing the ſums of the terms; for 
1=2'—1; I1+2=3=2'—1; 1+2+4=7=2*—1; 
1+2+4+8=15=2*—1; &c, therefore, if it can 
be ſhewn to be a neceſſary conſequence of its oh- 
taining ih the ſum of terms, that it muſt alſo 

obtain in the ſum of 7 +1 terms, or in other words 


If the additional combinations formed by the introduction of 
each new letter, be ſet down in a ſeparate row, they will ſtand thus: 
a 


b, ab 


c, ac, be, abe 
4, ad, bd, cd, abd, acd, bed, abed 


e, ae, be, ce, de, abe, ace, bee, ade, bade, ede, abce, abde, ace, bcde, abede, 
& o. | , 

Where each row will have as many combinations in it at there are 
in all the preceding, and one beſides. | 


1 if 
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if it can be ſhewn that, provided the ſum of r 
terms be 2'—1, the ſum of 7+1 terms is 21 1, 
it will be eſtabliſhed, generally, that the ſum of 
a terms is 2 1. Now this may be done as fol- 
lows: Let the lum of x terms be 2"— 1, then the 


noxt term by the conſtruction of the ſeries is 


2"—1+T, or 2”; therefore the ſum of ri terms 
is 2'=1+2' =2x2'—1 =2"T*—1, It is true 
then in general, that the ſum of terms is 2* — 1, 
Therefore the total number of combinations of x 
things is 2% 1, | 


Ex. The number of different ſums that may be 
formed with a guinea, a half guinea, a crown, a 
half crown, 2 ſhilling, and a ſixpence, is 2* = 1, 


or 63. 


314. Cor, Hence, ſince à is the number of ſingle 


things, u . — 


the number of combinations by 


n — 1 n—2 1 
5 18 the number of eombinations 


twos, u. 


by threes, &c. (art. 311), it follows that, 


n—1 n—-1 #=—2 
n 5 ＋&Kc. ten terms 2-1 


— 
- 


11—1 


315. Cor, 2d, 1 +1n+n, + Kc. to ni terms 


= 6% 


Cor. 3d. 


* 
- 55 
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316. Cor. 3d. The laſt term of the ſeries n+ u. —— 9 
+ Ke. to n terms, is equal to 1 (art. 312); hence 


1 1 
n + n. - + Kc. to -t terms = 2"—2, 
2 


and (diyiding by n) 1+ + —. 


2 
to n—1 terms = = . 


317. If there be nſetsof things, all different, and the 
firſt ſet conſiſt of p things, and the ſecond ſet con- 
fiſt of q things, &c. then the number of parcels of 
x things in each, that may be formed by ſelecting 
one thing out of each of the x ſets, is equal to 
the product of the numbers p, 9, &c. 

For let the 1ſt ſet be a, 6, c, &c. (p things) 


and the 2d. ,. be a, ö, c &c, (q things) 


and the 3d. ., be 4, b, c, &c. (r things) 
&c. &c, .. n ſets. 
Then in the 1 ſet there will be the choice of 5 


things. And to any one of theſe p things there 
may be united any one of the 9 things in the 2d 


ſet, i. e. to a there may be united a, or b, or c, &Cc, 


to b there may be united 2, or , or c, &c. and ſo 
on through all the p things; conſequently the 
number of parcels of two things each, that may 
be ſelected from the two firſt ſets, is px 9. And 
to any one of theſe pg parcels there may be united 
any one of the 7 things in the 3d ſet; conſequent- 
ly the number of parcels of three things each, that 
may be {eleted from the three = ſets, is 
Pxkqxr. &c. &c. 
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318, Cor. If each ſet conſiſt of the ſame number of 
things, or p =q=r = Kc. The number of 
parcels is þxpxpXx &c. to n factors, = p'. 


319. Cor. 2d, Let there be two things in each ſet; 
and let the 1ſt ſet be a, b; the 2d, a, b; the 3d, 
a, b; and ſo on to n ſets, Then, 


1ſt, It is evident that there will be one parcel 
compoſed entirely of the g's, | 


2dly, There will be » parcels compoſed of x— i 
as and one 6, For any one of the a's may be 
omitted; and there are x to make choice of. 


2dly. There will be . "= parcels compoſed 


of n— 2 a's, and two Ys, For any pair of the 4's 
may be omitted, and the number of pairs in = 
things is .. 

2 


4thly. In the fame manner it appears that there 


will be n. — — 5 5 parcels compoſed of 13 


as, and three P's, and ſo on. 


Hence, if the parcel conſiſting of the n &'s be 
denoted by a*; and any one of the parcels conſiſt- 


ing of n—1 @'s and one b, be indifferently denoted 
by a and ſo on; the parcels will be 


4 + 1 ab +1, x a"—*h* + c. to x +1 terms, 


EXAMPLES, 


7 


F . 
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EXAMPLES. 


Out of four companies three of which con- 
ſiſt of five men each, and the other of ſeven men, 
there may be ſelected a party of four men, one 
from each company (5x 5x 5 x 7 or) 875 different 
ways. 


Ex. 2d. A frame, containing n ſhutters, each of 
which admits of 5 different poſitions, all diſtin- 
guiſhable from one another, may - exhibit 2“ diffe- 
rent ſignals.“ | 


For the frame will exhibit all the ſhutfers at once 
in one or other of the different poſitions; there- 
fore the number of ſhutters correſponds to the 
number of ſets in the above theorem, and the 
number of different poſitions which each ſhutter 
admits, correſponds to the number of things in 


cach ſet, 


* If A6 and p = 2, the caſe becomes that of the Telegraph, 
according to its preſent conſtruction at the Admiralty-Office ; con- 
ſequently the number of ſignals which that machine can exhibit is 
25 or 64. | 

If one of the poſitions be conſidered as permanent during the in- 
termiſſon of ſignals, the number of ſignals is but 63. 


CHAP - 


0 1 1 
CHAPTER XI. 


OF THE BINOMIAL THEOREM. 


320. OIR ISAAC NEW TON's Binomial Theo- 


be any number whatſoever, either integral or 
fractional, poſitive or negative, and b be either 
poſitive or negative, a a+b) is truly expreſſed 
by the ſeries, 


a" + SS I. . + mm. 2. 


LEXIS + m 1,22 DS, gs 

3 - JO 
+ &c, Where the indices of à beginning from , 
decreaſe by unity, and the indices of þ beginning 
from o, increaſe by unity, in each ſucceeding 
term ; and where the coefficient of the nth term 
(n denoting any number) is the coefficient of the 


7=T1* term multiplied into . 


If mz be a politive whole number, the ſeries will 
conſiſt of but » + 1 terms, each ſucceeding co- 
P Þ efficient 


rem is a propoſition affirming that, if 


— 
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efficient after that term involving the factor 
m mn 8 
m +1 
new factor introduced into the coefficient will al. 
ways have either a poſitive or a negative value, 
and the number of terms will be unlimited, 


„which is o; but in every other caſe, the 


321. But in order that no miſtake may be made 
concerning what it is, that the Binomial theorem 
aſſerts in thoſe caſes, where the ſeries is unlimit- 
ed, it may not be improper to confider what is 
meant by a feries expreſſive of roots, roots of 

powers, or their reciprocals. 
322. In the firſt place then, the #th root of any 
binomial, a +5, is that ſeries, of which if any pro- 
poſed number of terms be taken, and their ſum be 
raiſed to the nth power, two of the terms in the 
reſult will be a and z, and of the remaining 
powers of à and & as many of the coefficients as 
are complete, i. e. as would not be affected by 
taking in more terms of the ſeries, will conſiſt of 
poſitive and negative terms which, mutually de- 
-ſtroy cach other, And ſuch a ſeries, may be found 
in any propoſed caſe of n, by the rule in art, 200, 
or if n = 2 by the rule in art. 196, and if x = 3 
by the rule in art. 198. 


But ſince a + — 5 2 2 X1 135 de ſince the 


ſeries that would be found by 1 rule in art. 200, 
for 


er TUFORAY- "9% 
n TIS 
for 1+ J *, if multiplied into a7 would become 


the /ame as the ſeries found for a +b| * by that 
ſame rule, it will render this inquiry more ſimple; 
to confine it af firſt to ſuch binomials, as have 
unity for one of their terms. 

323. Let then 1 + x denote any ſuch binomial, 
and let its nth root be extracted by the rule in art, 
200; and it is evident that the firſt term of the 
reſulting ſeries will be unity; and that the ſuc- 
ceeding terms will be the ſucceſſive integral pow- 
ers of x, with certain coefficients ; : J. e. if a, 5, c, 
&c. de aſſumed to de note the coefficients of the 
2d, 3d, 4th, &c. terms reſpectively, the ſeries will 
be 1 + ax + bx* + cx" + dx* + &e. and theſe 
coefficients will depend only on n; or there will 
be but one ſet in any one propoſed caſe of n. Now 
this ſeries, by its conſtruction, is to be of ſuch a 
nature, that if three of the terms be taken, and 
their ſum be raiſed to the nth power, the reſult 
will be of the form 1+x * TN! +qx* .... t, 
where the ſquare of x is wanting,—becauſe the co- 
efficient of x* will be complete, or would not be 


+ In the produQ 1 + ax +bx*X 1 + ax +bx* Xx &c, to n agen, 


the term involving the higheſt power of x will evidently be 


bx* Xx bx* X bx* x Kc. ton factors, or b* x**; and in the ſame manner 


in the produR 1 7 ax + bx* + cx31* the term involving the 
higheſt power of x will be c® x3%; and ſo on, 


Pp2 affected 
4 


ED — 2 — 


= my ¹ ww" ... 
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affected by ge in one or more of the ſucceed- 
ing terms, cx*, , &c, 


For the ſame = if four terms be taken, and 
their ſum be raiſed to the nth power, the product, 
or 1 + ax + bx* + > 1* will be of the form 
I +x*#*+pxt+gx'...... + & «X, where 
both x* and x* are wanting, And in general if 
r +1 terms be taken, and their ſum be raiſed to 
the xth power, the product, or, (ſuppoſing D the 
coefficient of the r+1 | ® term) 

1 r + x + 4x* oo 1 37 
will be of the form 

ITX ++ #* +pxrtil+qxrt2..,,.. 12 52 


324. Hence, as in diviſion (in thoſe caſes, i. 11 
how far ſoever the operation be carried on, a re- 
mainder muſt always be left) the ſeries obtained 
does pr does not approximate to the exact value 
of the quotient, according as the remainders de- 
creaſe or not; ſo in extracting roots, the ſeries 

1 


for 1+x1* will or will not approximate to the 


exact nth root of 1+x, according as the ſeveral 
differences between x and the nth power of 


the firſt three, four, &c, terms of the ſeries de- 


creaſe or not, And if x be ſuch, that no quantity 
d can be aſſigned, ſo ſmall, but that ſo many terms 


of the ſeries may be taken, that the difference be- 


tween the nth power of their ſum and 1+x ſhall 
be leſs than that quantity d, the accuracy of the 


approximation is unlimited, 


Having 
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325. Having eſtabliſhed in the preceding ar- 


— M 
ticles, the nature of the ſeries for 1 Tx l it re- 
mains in the ſecond place to conſider the nat ure 


r 


ind form of the ſeries for 1+x) * where r and u 
denote any two politive whole numbers whatſo- 
ever, 


| Now this ſeries, is that which may be obtained 
either by raiſing 1 + x to the rth power, and ex- 
tracting the nth root of the reſult, (by the rule in 
art, 200), or by extracting the nth root of 1+x, 
and raiſing the reſult to the rth power. Let then 


— b gum 
I+x = I+fx+gx*...... +x*; and let 1+x* 


=1 + ax + bx* + cx* + &, Then 1+x* 


is Either 1 I Þx + qx* rr + x* | * i. e. 
1+axÞx+4x* ... +X" NTX T 


8 
+ exfx T 2 . +x*) + &c.z or 


I+ax+bx* Tex Tc. 1.6.1+pXax+bx* +cx* +&Cc, 
Tc T TexiT&c. . TAX TX TCT Kc. 2 
And it is evident that in either caſe, if the 
terms were worked out at length, the ſeries would 
have unity for its firſt term, and for the ſucceed- 
ing terms the ſucceſſive powers of x with certain 
coefficients, Moreover, ſince the nth root and 
rth power of any expreſſion have each but one 
ſeries, 
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ſeries, ox nth root of I and the rth poyer 
of TI I vill each have but one ſeries, 


326. It appears from the preceding articles, that 
if n be put to denote any number whatſoever, ins 
tegral or fractional, the ſeries for 1+x) "isofthe 
form 1 + ax + bx* + cx* Kc... and it remains 

in the third place to ſhew, that the ſame form ob- 


tains in the ſeries for 1 Px! + Now I Tx 


I 
or n=, F is that ſeries which is to be had by di- 
viding unity by TFx1"; Let then 1+z1*" = 
I + ax + bx* + cx* + &c,; and the operation 
will be as follows : | 


Diviſor. Dividend, Quotient, 
14 + ax + bx* + cx3 + &c.) 1% (1— ax + 4 — b.x* + &c, 


1 +ax+bx* +cx* +&c. 


— ax—bx* cx —&c, 
-ax=-dx*—abx* - &c, 


a =D. x Tac. x +&c, 
where the firſt term of the quotient is unity, and 
tire ſucceeding terms, the ſucceſſive powers of x, 
with certain coefficients, 


327. If, in the above articles, the ſecond term 
of the binomial had been taken negative, the ſame 


concluſions would have reſulted; i. e. the ſame 
ſeries, 


* 
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ſeries, which in any propoſed caſe expreſles 
Tl * „ will, by ſubſtituting — x and its powers, 
for Tx and its powers, become the proper ex- 


' preſſion for 1=x1", 


328, Let m denote any number whatſoever, in- 
tegral or fractional, poſitive or negative, then the 
coefficient of the ſecond term in the ſeries for 
1+x)" is the index m, 

For let TT (r being a whole number) be 
1+7x+ &c.; then ITI is 1+rx+&c.X1+x, 


or 1+7+1,2 + &c. i, e. (in the caſe of whole 


poſitive powers) if the coefficient of the ſecond 
term be the index in one inſtance, it will in the 
next inſtance, and conſequently will univerſally, 
But it is ſo in the ſquare—therefore it is ſo uni- 
verſally, 


Hence, I+x* will be 1+ - Xx + Ke. as ap- 


pears from the rule in art. 200, where this law is 
aſſumed to obtain in whole poſitive powers. 


Hence, 1+n* will be 1 += x x + &c, 


* This aſſumption is not effential to that rule; for the principle 
of the rule is only this— that Fp (whatever p be) be the coefficient 
of the fecond term of the nth power of a binomial, the conſtant di- 
viſor muſt be p times then — 1 — of the firſt term of the root, 
(See art.199 and 200.) 


For 
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7 * Ly n - Jy 
For 1+x! * iseither 1+rx- &c,!* or 1+ Ke. 


but 1 + rx + Tc. 7 (by the preceding caſe) is | 
1+= x7x + &c, +&c, 2 += , x + &. And 


— 


— — 


1+— . Xx＋& C. is 1+7X1+ = . x+ &c, + &<c. 
=1+ - . x + &. 


Hence, ſince the coeflicient of the ſecond term 
is univerſally the index in all caſes of poſitive 
powers, it is alſo in all caſes of negative powers, 
as appears from the work in art. 326, where a be- 
ing aſſumed the coefficient of z in the poſitive 
power, — à is found to be its coefficient in the 
reciprocal of that power, 


329. If 1 +x| " =1 +mx +b2* +cx* + &c, 
a+tzl” S + ma- r + ba"=" 2* + &c 


For a+z) Sei = :>:. 2 


1 44.8. te. 
a a a* 


= +mI- + &c, = 


a" + ma" & + be A + c + ee,” 


DEMONSTRATION 


Jy 


—  - 


»— 
1 
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DEMONSTRATION of the BINOMIAL THEOREM, 


in the caſe of whole poſitive powers. 


330. ket the u binomial factors a5, a+b, 46, 
&c. all conſiſting of different terms, be multiplied 
together; and their product will, by the nature 
of multiplication, conſiſt of all the different com- 
binations that can be made of » letters together, 
by taking one letter from each factor; therefore 


by art. 319, if a = a= @ c. and b=b=b=&, 
the product will be equal to | 


a” T nas +n, e. to v terms; 


but if a=a=a=&c, and b=b=b=&c. the product 


of the n factors will be equal to a +5)"; therefore 


a+bl" = . +nd Tun. ha. 4b 
PLS 1—1 n—2 


b u a 2 + Ke. to n+1 terms.“ 


Hence, 
— — — 


* As it may not be unacceptable to the reader to ſee this important 
theorem demonſtrated in different wavs, the common demonſtration 
(in the caſe of whole poſitive powers) is here ſubjoined. 
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Hence, ſince the only difference between TY 


and a - is that in the latter, the odd powers 
| : of 


Let n binomial factors, aha 15, dec. be multiplied together; 
and the work will be as follows : 


x+a 

x+6 

x*+ ax 
+ bx + ab 

x*+a+b . x+ab 

x +c 

x3+a+d. x*+abx 
+cx*+c Xa+b . x+abe 


—_— 


— —„— 


x3+a+b+c + *ab ac be x abe 

x+4 | 

x*+a+b+c . x*+ab+ ac +bc x*+ abex 24 
+dx*+dXa+b+c x*+dX ab fac tb. x abed 


aT FTS Td ANC AY ac+bc+ TG Ted. Fabe Tabd Tad T bed. x. abed 


&c. 


And it is evident that whatever » (the number of fadtors) be, the 
firſt term of the product will be xv. And the ſecond term will in- 
volve x%—1, whoſe coefficient will be the ſum of all the n quantities 
a, b, &c, for it will be the ſum of certain of them, and it would 
be abſurd to exclude one rather than another, ſince whatever were 
the order in which the = faQtors were "multiplied together, the ſame 
coefficient muſt reſult, And for a ſimilar reaſon the coefficient of 
xu jn the third term will be the ſum of all the combinations of the 
u quantities a, 5, &c, two and two together; and the coefficient of 
x*%—3 in the fourth term will be the ſum of all their combinations, 
three and three together; and ſo on, to the laſt or » + 1 | th term- 
wlüch will be the product of all the n quantities a, b, c, &c. Hence, 

art. 
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of b will be negative, a—6b)" = 


_ 4 a — &c, to n+1 terms, 


a —na'b+n. 


(art. 311) the coefficient of the ſecond term will conſiſt of n terms; 


| n—1 a 
and the coefficient of the third term will conſiſt of u. terms; 


and ſo on. Now let the n quantities a, b, e, &c. be all equal; then 
ſince any one of them will be equal to a, and the product of any two 
of them equal to 4, —of any three of them equal to ai—and ſo on, 

the product will become | 


. NT 
x*+nax*—! + nn, : a* x%—2? + &c, to n-+1 terms. 


That the coefficient of the ſecond term of the product of the n fac- 
tors will be the ſum of all the n quantities, a, b, &c.; and the co- 
efficient of the third term, the ſum of all their combinations by pairs ; 
and ſo on; may be more formally demonſtrated thus: 

Let the product of u factors be x” + PN I ga#-? + rx%—3 + dee. 
to ui terms, where the law is ſuppoſed to obtain, Multiply by 
2 new factor x + B, and the new product will be, 


525 ＋ PAZ. * + q+#Þp. 3 + 714. 5 + &c. to 


1＋2 terms. But if p be the ſum of the n quantities, a, b, e, &c. 
P will be the ſum of the n+ 1 quantities a, b, c, Kc. . 3 
and if q be the ſum of all their combinations by pairs, then ſince Bp 
or Ba + Bb + Bc + &c. contains all the additional combinations by 
pairs which reſult from the introduction of B, g+ Bp will be the ſum 
of all the combinations by pairs of the +1 quantities a, b, e, &c. E; 
and ſo on. If therefore this law be found to obtain in one product, 
it muſi neceſſarily obtain in the next ſucceeding, and conſequently 
muſt obtain univerſally, But it is found to obtain at firſt, There- 
ſore it obtains univerſally, 


S227 GENERAL 
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GENERAL DREMONSTRATION of the BINOMIAL 
THEOREM. 


331. Note. As the following demonſtration depends 
principally upon the laſt equation in art, 316, viz, 
n—I 1—2 


+ &c. to 


the equ. tion 


— . 
= — it may ſave unneceſſary 


trouble to obſerve that, F 3, * 5, &c, be ſuc- 
ceſſively ſutſtituted for n, this equation will ſucceſſive- 
ly become 


g- 1: eras .= 


1 +1= 4535 Wake 
: 44% 4. „„ 
E 2 $446 4 


Let m denote any number whatſoever, integral 
or fractional, poſitive or negative; and let the 
coefficients of the 3d, 4th, 5th, 6th, 5th, 8th, gth, 
&. terms of the mth power of any binomial be 
denoted by k, c, d, e, f, g, h, &c. reſpectively. 

And let the coefficients of the ſame terms of 


the 1“ power of any binomial be denoted 
by b, c, 4, e, +, 85 h, &c. 

And let the coefficients of the ſame terms of 
the 1 2 power of any binomial be denoted by 


Oh 4% % % 4 ka 


This demonſtration is independent of the foregoing, and does 
not require the previous eſtabliſhment of the theorem in the caſe of 
whole poſitive powers. 


And 


CY has 
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And let the coefficients of the ſame terms of 


the m—31® power of any binomial be denoted 
Ro ifs WF. 


3 3 
by , c, d, e, /, g, I, &c, And ſo on, Where the 
figures above the letters are not to be conſidered 
as indices, but merely as diſtinguiſhing marks. 


Then ſince, by art, 328, the coefficient of the 
ſecond term of any power of a binomial is the in- 


dex of that power, it follows that T+ 2x1"= 
1+m.2x +b,2*x* TC. 2 & +d.2*x* e. 2 K +&c, 
and I +x+x)" = (143) +mitx) & 
+b.1+x]1*xx* Tc. ITI 

+4. rn e. ITT xx" + &e. 
= 1+ mx + bx* + cx* + dx* + ex* + &c. 


+ MmAXI TN I. XI + bx* + cx* + Ax! +&c, 


+bx*X1 + mM — 2.x + bx* +cx* +dx* + &c, 


3 


3 3 
TeX XITNπ Z. xX +bx* +cx* + dx* +&c, 


— g I 4 
+dx*X1 +m—4.x +bx* + cx* + dx +&c, 


— 8 5 
+8x*X1 + m—5,x +bx* + cx 44. ＋&c. 
+ Ke.) = | 


1 + mx 
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17mx. + ax" 4 627 + dx*.: +  ex*$&ec. 


+mx+m.m—1.x* + mbx* + mex* + midx* + &e, 
u' + bbx* + bex*+&c. 

Tex +em—3x* + chx'+&c, 

+ dx*+d.m—4.x*'+&c, 


Tex +&c, 
+ &c, 


But ſince 1 + 2x =1+x+x, theſe two ſeries are 


the ſame in their correſponding parts; i. e. the 
| ſum of the coefficients of any power of x in this 
laſt ſeries is equal to the coefficient of that ſame 
power of z in the other ſeries, IM. ax +6.2*2* + &c, 


Hence the following equations : 


1 > 
2d. 2m=m+m 
3d, 2*b6=b+m.,m—1+6 


4th. 2*c=c+b.,m—2 + mb+c 


5th. 2*d=d+c.m—3 + bb + mc + 4 
3 2 1 


6th, ze e fd. m- 4 ＋ ch be md e 
— U 4 3 2 I 
5th. 2*f=f Te. m—5 + db + cc + bd + me +f 
&c, 
From the zd of theſe equations by tranſpoſition 


2*b-2bor2b = . mn iI. 
1 — 1 


NO > 3 FP 0 


Hence, 
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Hence the coefficient of the third term of any 
power of any binomial is known; and the V's are 
all determined ;—viz, 


m=—2 3k M— 3 


Hence, the 4th equation, by tranſpoſition and 
ſubſtitution, becomes 


2 8 121. 1. 


ll 


Q2*' —-2 


bxm—2X1+1=b.,m—2X (art. 316) 


> eh . == 

Hence, the coefficient of the 4th term of any 
power of any binomial is known; and the cs are 
all determined ;—viz, 


I M — 2 m —3 2 — 
c = 1 9 — — .— 5 =O. ns 
2 3 


N I „ 
2 3 
Hence, the 5th equation becomes 2 2. 4 


1 1 yy — — 
— L 8 8e — „ enn 
+: is — . 1 (. 13 . 3) 
. 
M,M—I , — . 0 — 5 „. — 
T be 8 
S0. m—JXI 3 44 — — "wan. 
23 — 
— 


ö 
| 
| 
[ 
| 
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Hence, the coefficient of the 5th term of any 
power of any binomial is known, and the 4's are 


all determined—viz. 


u 08 . 


2 3 4+ | 
Hence, the 6th equation becomes 2 — 2 . & 


3 2 

a6 e. 373 ons 
2 3 

+ RM, 1. —, — 4 
4 


3 
=d.m=4ax1+* + <2. + 22, 
2 23 23 


— 2 —2 


= 4 1 4X 


DEFY . 
5 
Hence, the coefficient of the 6th term of any 
power of any binomial is known, and the e's are 


all determined, 


And the ſame law will be fonnd to obtain uni- 
verſally in the ſucceeding coefficients, For let 
the coefficient of the nth term of the ſeries 
1 + mx + bx* + &c. be P, and the preceding co- 
efficients be NV, M, &c. and the ſucceeding co- 

efficient, 
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efficient, or coefficient of the »+11* term be 2. 
Then the i equation will be 


2"2=2+P.m—n- I + Nb + Me 25 „4 „4 „456 
TY + cM + bN + mP + Q; from which, by 
tranſpoſition, T2. 9=P.,m-n_ 1+Nb4+Mc 


votes Þ+ ©M + b N + „ B, the right hand 
fide of which laſt equation conſiſts of 7 = 1 * terms. 
Now if P, N, M, &c.....e, d, c, b have all been 
found conformable to the law predicted in the bi- 
nomial theorem, theſe n—1 terms are as follows: 


— 


1 — 1 1— 1 — Dr m g/ 
N. — eee — — — 2 29821 
2 9 n—2 G2 
281 848 — 83 _ 1 
＋m. ©0000 pn 3 © 2—2 . Mm n 2 . 2 
An. — OE m2 224 
— 800 —3 7 3 2 . 3 
21 r 1 — 1 —1 
＋ n. 2 vevee 774 — H 4+ 2 3 . 4 
+ &c, 


Tm. m 6 39 2 . Mn-T 
. „ — r 


* Theſe terms have two factors each the left hand factors (be · 
ginning from the laſt term) follow this order, , b, e, d, &c. to P. 
And the right band faQors (beginning from the firſt term) follow this 


f—2 —3 —4 1 
order, Ma. jen [ b, C, 4, &c, to h:. 


R r where 


| 


| 
| 
| 
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where each term has a common numerator, 


— —d — 


— na 
m. m I. 1 2.. „ 1, and where 
the difference in the denominators is as follows 
viz, The denominator of the ſecond term differs 
from the denominator of the firſt term in having 


the factor 2, inſtead of the factor n—1, The de. 
nominator of the third term differs from the de- 
nominator of the firſt term, in having the factor 
2, inſtead of the factor n—1, and the factor 3, in- 


ſtead of the factor n—2, The denominator of 
the fourth term differsfrom the denominator of 
the firſt term in havingthe factor 2, inſtead of 


the factor, n—1, the factor 3, inſtead of the 
factor n—2, and the factor 4, inſtead of the 
factor, 143. And fo on. " 


! 


Hence, ſince the firſt term is P. m —n—1, 
2 


The 2d term . m —- n—1X* 


n—1 #=2 
3 
n—1I 1-2 1n—3 


| 3 4 
And ſo on Therefore the ſum of the x = 1 terms is 


The zd term P. m- An IX 


— 
The 4th term = P.m - IN 


ak — 


— + — . — +&c,to n- terms 
2 2 3 


— f 
P. m- u -IXIA＋ 


2.—2 


— p. m- -I 
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. — — — — 2 — 2 
„. 2—2 . 22 P. m—n—1 * 


2 =Þ,==, 


It appears then, that if the law predicted in the 
binomial theorem, art. 320, obtain ſo far as any 
particular term, it aſt necefſarily obtain in the 
next ſucceeding term, and conſequently muſt ob- 
tain univerſally, But it does obtain in the firſt 
terms—therefore it obtains univerſally, And 


X 2117 


— 1 + n. ar + nx 2*x* + &e. 
8 71 * 
Hence, 2 75 = & x * = & x 


a5 a.n= -. 4. 
a 2 a 


an + ma n. . -. + 


— Hy 
m wo - 
2 0 


be demonſtrated. 


a sb + &c, Which was to 


EXAMPLES 70 the BINOMIAL THEOREM. 


1ſt, TT =as +8 4b +28 af + 56 ab + 70 A 
+ 56 a'b* + 28 a'b* + ab” +8, 


R r 2 2d. 
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zd. a=bl' = a” — 7a*%þ + 21a*b* — 354 
+ 354¹ 0 — 214 ˙ 56 + rab 2. 

Ob. As the coefficients in whole poſitive pow- 
ers follow the ſime order from the laſt term to 
the firſt, as from the firſt to the laſt, it is unne- 


ceſſary in any particular caſe, to compute theni 
further than the middle teryy, 


1 


3d. 11 (=2)=1+n+20. * 


Wan] H=3g 
8 


＋ u. + &e. 


4th. a PDT]! = a+b+c!* = at 
+4a*xXb+c + 6a*xb ÞFcl* + 4a * 7 +c1? 
＋ Je . =a* 442 x b +c + GX 2bc+c* 
TX TD ++ +4Þc+60 E 


— ww / 
3 


— 4 1 
. 5th, 1+x13 l .' + Kc. = 


1 + == > — Ke. (as in art. 198). 


* 221 


1 I 
6th. a + * ws" 2.0 6 


2 
+ 8 443 + &c, 
3 
= 4 + « — 8 — Ac. (as in ex. 7. 
24 * 8a* 1647. 
art, 196.) 


th. 
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222 mM a 5 
7th. I/ E14. xĩ 4. 4 
. n 
| ſoy m n ; [" 
TY... . — * — * + &c, 
nA 2 
m m Wn . 
— 1 ns 4 — . „ 4 
* 
8 WI 11 lp x + &c, 
87 28 3n | 
5 1 — eas V os Y 4 
8th. —— = 1+x =1-1Xx-1X K* 
 I+x 
_ CREST EEE. 2 +06 
— 3 
=I-x+x' - + x* - &c. 
I „ 
gth. 4 = 1 Si- i „i 


=Ix—x' + &, SIT x Tx ＋KT +x*+&c 
(as in ex. 5th, art. 170, p. 121.) 


11th, 


| 
| 
[ 
t 
| 
| 
| 
( 
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— 2 [ 


2— 7} 
11th. 1=x1” = 1=2x=x=2, * * 


41 x + &c, 
2.324 


EI + 2x + 2 + 4x* + &c. 
a +x* 


. 4+xX 


6 1 
- +x*Xa+x 


12th, 


— 1 2 4 


— —3 
4 T „ „„ „* + &c, 
—1— 3 — 
a- xa xXx — XK TA x* — &e, 
— —2 —3 | 
+a X L Kr x* &, 


2.x* 2x” 


a a* 


— 4 — x + + &c.as in ex. zd. art,170, 


—? m m—1 
Cor, Since a+b) CTR +HSB—— + 


And a—b)" =a"— ma""b+m. a" - &c 


By addition a+6b1” + a—b1" = 20" * 


— 2 5 + Ke. 


mM 
+ 2m. 


And by ſubtraction a Lö l =2ams þ * 
M— 1 1 —2 * 


9 . 5˙＋ Ke. 
SCHOLIUM, 


— 
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332. It appears from art. 225, that the »th root of 


IE!“ and the nth power of Tx I= can each 
have but one ſeries, But it does not appear whe- 
ther or not theſe two ſeries be the ſams, Hence, 
for any thing that can be concluded from that ar- 


ticle, 1 + 2x |” may, when m is a fraction, whoſe 
numerator and denominator are both greater than 
unity, have two ſeries, But ſtill it can have but 
two; i. e. 1 + 2mx + 2*bx* + Ke. and 1+x1" 
m. ITI“ +x + b + &c, can each have 
but two ſets of values for b, c, d, &c, and thoſe 
the ſame in the one ſeries as in the other, Moreover 
ſince the coefficient of the ſecond term is univer- 
ſally the index, there is nothing in the notation 
uſed in the general demonſtration, which decides 
whether the ſeries 1 + 2-mx + 2*bx* + &c, be 
derived from taking the nth root of the rth power, 
or from taking the rth power of the »th root: 
neither is there any thing to decide which way 
the other ſeries, 1+x" + mM, 1+x] -—— xx + &c. 
is derived, Hence it follows, that the equations 
obtained by aſſuming the coefficients of the like 
powers of x to be the ſame in both ſeries, are not 
reſtricted to give one of the ſets of values for b, c, 

&c, 
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&c. rather than the other, (ſuppoſing there be 
two) but muſt neceſſarily have given both, if there 
had been two. Since then they give but one, the 
coefficients ö, c, d, &c, have each but one value, 
or the ſeries that would be obtained by extracting 
the nth root of the 7th power of a binomial, is 
the ſame as would be obtained by raiſing the nth 
root of that binomial to the rth power, | 


| 
| 


| 


